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Excellent men of Geometry have treated this material, and especially the Celebrated
Laplace in the Memoirs of the Academy at Paris. Since however in Problems to be
solved of this kind the higher and difficult analysis will have been applied, I have
considered to undertake the price of the trouble to approach the same questions by an
elementary method and by proper use of the theory of series. By which reason this
other part of the calculation of probabilities is reduced to the theory of combinations,
and as I have reduced the first part in the case of the discussion transmitted by the Royal
Society.! I will attempt to undertake these principal questions here briefly, having been
directed chiefly by a method to be illuminated.

81. Let there be a vessel containing white and black tickets in infinite number, so
that the proportion of white and black tickets is unknown. The extracted tickets are p
white q black, the probability of drawing out m white and n black tickets in the future
is sought. The extracted tickets are supposed cast again into the vessel.

Let n’ be an integer number of tickets which we shall assume infinite afterwards,
it is evident the numbers of white and black tickets to be able to be varied, just as the
following table reports:

white tickets  black tickets | white tickets black tickets
1 n —1 n —3 3
2 n —2 n —2 2
3 n -3 n —1 1
4 n' —4
n' —4 4

*Translated by Richard J. Pulskamp, Department of Mathematics & Computer Science, Xavier Univer-
sity, Cincinnati, OH. December 20, 2009

ISee Disquisitio Elementaris circa Calculum Probabilium, Commentationes Societatis Regiae Scien-
tiarum Gottingensis, Vol. X1II, 1793/4, pp. 99-136.



Under this hypothesis the respective Probabilities of p white and ¢ black tickets
being drawn proceed,

1P(n/ —1)7 2P(n/ —2)7 3P(n/ —3)4  (n/ — 3)P30

n/pta n/pta n/pta 7 n/pta
(n' —2)P27 (n' —1)P1¢
P n/pta

and according to the general rule of the calculation of Probabilities, the correspond-
ing term itself divided by the sum of the terms will be the Probability of that given
hypothesis.

This posed, the Probability of extracting m white tickets, and n black will be ac-
cording to the individual hypotheses respectively,

1p+m (n/ _ 1)q+n opt+m (n/ _ 2)q+n 3ptm (n/ _ 3)q+n

5 PRI

n/ptetmtn 7’ n/ptat+m+n
(n’ _ 3)p+m3q+n (n/ _ 2)p+m2q+n (n/ _ 1)p+m1q+n

n/Ptqt+m4n

b

n/pP+q+m+n ’ n/prat+m+n n/p+at+m+n

Each and every term must be divided by the common divisor, of course the sum men-
tioned above. I have omitted moreover here, for the sake of brevity the coefficients of
the terms, I shall restore these successively.

Therefore the sought Probability will be

1P () _1)a+n Loptm (! _9yatn gptm (n/ _gyatn. 4 (n/ —g)Ptmgatn (! _gyptmaatn (! _1yptm
n! pHag+m+n

1P(n/—1)942P (n/ —2)943P (n/—3)%.- 4 (n' —3)P3%+4(n’ —2)P294 (n/ —1)P
n! P+a

However let there be for the sake of brevity,

1p+2p+3p...+(n’_2)P+(n’—1)p:/1p, there will be

1P(n' = 1) 42P(n' —2)7+3°(n’ — 3)7---
+(n — 3)P39 4 (n — 2)P20 4 (n' — 1)P19 =

n/q/1p . %n/qfl / 1p+1 + Q(ql; 1)nlq72 / 1p+2 o q. 1 (q g 2) n/q73 / 1p+3

+ %61;2)71/3‘/1p+q—3$ Q(ql_z 1)n/2/1p+q—2:|: %n//lp-i-q—l $/1p+¢1_

In the same manner it will produce
1PHEm(p! — 1)7H Pt (n/ _ 9)atn 4 gptm () gyatn ..
+ (n/ = 3)PFm3utn 4 (n/ — 2)Ptmutn 4 (pf _ q)PtmMyItn —

n/q—i—n / 1p+m _ (q + n) n/q+n—1 / 1p+m+1 + (q + n)(q +n— 1>n/q+n—2 / 1p+m+2
1 1.2

+ (g+n)(g+n—1) n'2 / pHatmen=2 - (g+n) n / 1pHatmtn—1 4 / 1ptatmtn

1.2 1



But I put »’ to infinity, they produce by known formulas (see Jac. Bernoulli ars con-
Jjectandi) the following equations,

n/p+m+1 n/p+m+2
/1p+m = — /lp""m""2 = —etc.
p+m+1’ p+m+2

Therefore the first series being divided by n'?*4¢ produces, =

(1 g 1 +q(q—1) 1 qlg-1)(g-2) 1
p+1 1p+2 12 p+3 123  p+4
Lala-1(g-2) 1 g¢-1) 1 ¢ 1 S
1.2.3 p+q—2 1.2 p+q—-1 1p+q pt+qg+1

Next the other series being divided by n'?T9+™+" produces, =

n,( 1 C(g+n) 1 (¢+n)g+n-1) 1
p+m+1 1 p+m+2 1.2 p+m+3
La+rn)g+n+1) 1 :F(q—|—n) 1 N 1

1.2 p+qg+m+n—1 1 p+g+m+n p+g+m+n+1

Moreover let S be the sum of the first series, I suppose successively ¢ = 1,2, 3 etc. it
will produce

n’ 1.2.n/ 1.2.3.n/
p+D+2) (p+1)---(p+3) (p+1)---(p+4)

whence by analogy it produces in general S = m But the sum of the

other series, produces (substituting p + m in place of p, ¢ + m in place of q) =

1.2...(g+n)n’
(p+m+1)---(p+qg+m+n+1)

Now by dividing the other sum by the prior, the sought Probability will be=

5 123...(¢+n)  (+D)pP+2)...(p+q+1)
' 1.2...¢  (p+m+1)...(p+qg+m+n+1)

(g+1)(g+2)...(¢+n)p+1)(p+2)...(p+q+1)
p+m+1)(p+m=+2)...(p+q+m-+n+1)

B. ;
B being the coefficient which now we will determine. From the theory of combinations
it follows the numerator to be multiplied by the number of combinations p + ¢ of the
quantities taken according to the exponent g, or by

p+a)p+qg—1)---(p+1)
1.2...q ’

and by the number of combinations m + n of the quantities taken according to the
exponent n, or by
(m+n)m+n—-1)---(m+1)
1.2...n '

)



However the denominator must be multiplied in such manner by

(p+q)p+qg—1)---(p+1)
1.2...¢q ’

therefore there will be 3 =

(m+n)m+n—-1)---(m+1)
12...n '

Which agrees with the statement of the Celebrated Laplace (Mem. des Scavans Etranges
T. 6. §32).

2. The series is able to be summed in another way

1 g 1 gl¢g-1) 1 g-(¢=2) 1 1
p+1 1p+2 12 p+3 123 p+4 ptqg-1
There exists ( 1)
q  qlg—
1_7 - 7 .= 1—1q: .
1T se =(-DT=0

If therefore the series

1 g 1 qglg—1) 1 .
pt1 Ip+1 12 p+1

tc. =0

is subtracted from the proposed series, the value of it will not be changed, and it will
take this form,

q 1 g—1 1 (g—1(g—2) 1 1
p+1< * o )

p+2 1 p+3 1.2 p+4 T ptgqg+1l

subtracting now from the new series

1 -1 1 —1(@q@—2) 1
q Lla=De-2) ete. — 0,
p+2 1 p+2 1.2 p+2

our series will take this form,
q(g—1) L _g=2 (@=2(=3) 1
p+1)(p+2) \p+3 p+4 1.2 p+5
subtracting again from the new series

1 ¢—2 (¢—2)(¢g—3) 1
p+3 p+3 1.2 p+3

etc. =0,

our series will take this form,

glg-Y(g=2) (1 _¢=3 1  (¢=3)(¢=4 1
1.2.3 p+4 1 p+5 1.2 p+6

2See "Mémoire sur la Probabilité des causes par les événements.”



In general if from the series

1 (g—v+1) 1 (@-v+Dlg-v) 1 1

p+v 1 p+v+1 1.2 p+v+2 p+q+1
the series

1 — 1 1 — 1)(qg — 1

g-v+t (g—v+1)(g—v) et = 0

p+v 1 p+o 1.2 pt+ov
is subtracted the first series will take this form,
g—v+1 1 qg—v 1 (g—v)(g—v—1) 1 n 1
p+wv p+uv+1 1 p+v+2 1.2 p+ov+3 p+v+1)"

Therefore our series will take finally this form

qlg—1)---21
(p+D+2)---(p+qg+1)

as above.

3. If in the vessel of §1 the white tickets were supposed as many as « in total, the
following Table will represent the various numbers of white and black tickets:

white tickets  black tickets | white tickets black tickets

1 n —1 o n —«
2 n' —2
3 n —3
4 n —4

Under this hypothesis the respective Probabilities of extracting p white and ¢ black
tickets arise,
1P(n’ = 1)7 2P(n' —2)7 3P(n’ —3)¢ aP(n' — a)t
n/pta n/pta n/p+a et n/pta

Therefore the sum of these terms will exist, using the same method of §1.

n9(1P + 2P ... 4 af) — gn/T (AP p 2P 4 Pt

4 Q(qli;l)n/qf?(lzﬂﬂ Lopt2 4 ap+2) .
4 Q(ql; 1) 7,7//2(1p+q—2 4 2p+q—2 . + ap+q—2)

F dpraprat gpra=lo g a1y 4o (qpta g opta L gpa)
1

Now I put « to infinity, it will produce

n'daPt! . qn/q—l aPt? q(q—1) 1g—2 aPts o
p+1 p+2 1.2 p+3
N q(q _ 1) s aPta—1 q /ap-s-q aPtatt
n 1

n .
1.2 p+q71¥1 p+q p+qg+1



Let & = ﬁ — 0, it produces o = n/ (ﬁ - 9) , omitting therefore the coefficient

n/PTa+1 which will vanish in the final fraction by aid of the similar coefficient in the
denominator, as we have seen §1. the series will produce,

p+1 p+2 p+3
P _ P _ qtq¢=1) (_p
-0 aGE-?) (G
p+1 p+2 p+3
q(q—l) pt+q—1 p+q pt+q+1
L) 160 ()

pt+q—1 p+q ptq+1

2
P _ P _

Py ptl 1 q (P+‘1 9)+CI(Q*1)<P+’1 9)
P+q p+1 1 p+2 1.2 p+3

42 (5 -0)" 10", @)

p+qg—1 p+q p+q+1 "~

+

Let there be made, for the sake of brevity, ﬁ — 0 = v, while however let there be

l-v)1=1-2+ 2(a=1) )2 efc. let there be made

1.2
-1 —1)(qg—2
_ 1 o . q(tlz‘2 )v2 ~ a(q 1%(;1 )113 -
p+1 p+2 p+3 p+4
from that series let be subtracted
L U v s v s AP Sk &
p+1 p+1 p+1 p+1 p+1

it will produce

(1 — U)q q'U Sl

= +
p+1 p+1

by supposing

1 -1 —1)(g—2 2 —1)...(¢g— 3
o _le=Dv  (g=D(g=2) »° (¢=-1...(¢=3) »°

p+2 p+3 1.2 p+4 1...3 p+5
from the same series let
1 (¢g—Dv (¢—1)(¢—2) v? (g-1)...(¢—3) v3 etC:(l—v)q_1
p+2 p+2 1.2 p+2 1...3 p+2 p+2

be subtracted, it will produce

S/ _ (1 — U)q_l (q — 1)US//
p+2 p+2

by supposing

g L @=2 v  (a=2@=3) v
p+3 1 p+4 1.2 p+5
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from this series let

1 (¢g—2) v (g—2)(g—3) v* (1—w)r2

_ etc. =
p+3 1 p+3 1.2 p+3 p+3

be subtracted, it will produce

g (1 - v)q—2 + (q - 2)U g

p+3 p+3
by supposing
_ _ _ 2
gt _la=3) v (a=3=-1 v o
p+4 1 p+5 1.2 p+6
Therefore it will produce
— (1 — U)q + q'U SI

p+1 p+1

(1 — U>q qv(l — U)q_l q(q — 1)U2 "

p+1  (p+D+2) @+1(EP+2)
(1L-v)?  qul—v)"  qlg-D*(1—v)"2 = q...(¢=20*
p+1  (+1p+2) @+1)---(@+3)  (@+1)...(p+3)

Therefore it will be in general as it is known from analogous series,

(1-v)?  qu(l—0v)T"t  q(g—1)v*(1 —v)?2

p+1  (p+DE+2) (+1)...(p+3)
glg—1)... 107

P+Dp+2)...(p+ag+1)

o 1 q v alg —1) v )
=) p+1+<p+1><p+2><1—v> <p+1>...<p+3><1—v)

s (1)* TSR rEy (1” -

(by supposing p and ¢ enormous numbers)

1 q v q> v 2 7 v 3
-+ = — — etc. | =
p+p2<1—v)+p3<1—v> +p4<1—v> ]

e ﬁ (1) 1—w B (1 —w)att
<1 ><1_U><1 R [y R A R s

However there is

(1— )

S SR

+0,(p+q)(1—v)—q=(p+q)b,
s P ( )( ) ( )



therefore there exists

q+1
G- (7 +0)

p+90 — (p+q)

The sought sum will be therefore
» p+1 p q+1
(-9 (F+0)
(p+q)f

namely the first term of the series which the Celebrated Laplace reports (Mem. sur les
Prob. Mem. de Paris 1778. §18).

)

4. If it is necessary to approach nearer to the true sum, the following method shall
be applied. Let in general the series be

1 qa q(qg—1)a? q...(qg—2)a? glg—1)...a1

Pl AN+ ) 43 D). 0+ pED . pFIFD)

the sum of which is sought through approximation, by supposing p and ¢ enormous
numbers. The following formulas will appear by division

L1111 1 _1o3 7
p+1 p p> p¥ p+Dp+2) p* p* p¥
1 1 6 25 1 _ 110 65
(p+1)...(p+3) p> p* p°’ (p+1)...(p+4) p* p> p&
1 1 15+140. 1 1 21+266.
(p+1)...(p+8) p° po  pT’ (p+1)...(p+6) p5 p7 P8’
1 L2 32
= — — — + —etc;
(p+1)...(p+7) p* p*  p°
and hence our series will take this form,

(l—%+%)+qa(f—,§% p%)

qq — Q) (%—p%+2f)+(q = 3¢? —261)(*—,172+%§)a3

=
—1%?+Mf70)a
L) 5
P

p%)a etc.
+13+qa4+(qq )225 (¢® — 3¢% + 29)0*. %2

+(¢" = 6¢° + 11¢*)a*. T2 + (¢° — 10¢* + 35¢%)a”. 22
+ (¢% — 15¢° + 85¢*)a’. 462 etc. However there is

7 2502 65 140 266 462a5¢°
R §6q+ ;*7‘1+ 1;’;‘1+ etc.



2ag
— pp(1+257) _ ppt+2aqp.
(p—aq)® (p—aq)®”’
25a2q | 3.65a%¢%> | 6.140a%¢? 10.2660° ¢* 15.462a%¢° _
p° + pS + 7 + pB + p° ete. =

2 2 (25 3.65a 6.1400% ¢> 10.266a°¢> 15.462a¢*
« qp (pﬁ"r p8q+ pg 4 + plo < + Pll d etC.

_ 250°p®q+200°pg® .
(p—aq)™ )
2.65a°¢ 11.1400 ¢ 35.266a° ¢° 85.462a°¢* _
0 + 7 —+ PE —+ PE etc. =
3.3 (265 | 11.140a 35.2660%¢> | 85.462a°¢ _
a~qp (p90+ plo q+ pll g + p12 d etc. =
13002 gp® +370a ¢?p?+130a°¢>p .
(p—aq)?® ’
2a° 11a*q? 35a°¢° 85a0q*
—p4q+ psq + pﬁq + pﬂ etc. =
3 2 llag 35a2q2 85043(13 _ 2a3qp+a4q2 .
a qp (p5+ po T T pr T ete (p—agq)®
2.10a°q 11.15a%¢? 35.21a°¢> 85.28a.%¢*
L+ p6q+ p7q+ psqetc.

3,2 (2.10 11.

a’qp (7 +

20a3qp2+25044q2p
(p—aq)”

150 35.21a%¢> 85.280a°¢>
s 14+ PO T 4 10 L etc.) =

. Our series will have therefore the following form,

1 (1 ~ (p+4q0®) | (pp + 2apg + 6pga’ +20°pg + o'¢?)
p—qo (p — qo)? (p —qa)
(25a2p%q + 20a3pg® + 200p?q + 250t pg?)
(p — qo)°
130ap3q + 3700 p?¢? + 130a°pg®
+ 3 etc. | etc
(p — ag)

But in the following manner, I have obtained the sum of these series. In the first series
I seek the difference of the coefficients which the following table exhibits:

1 7 25 65 140 266 462 750
6 18 40 75 126 196 288
12 22 35 o1 70 92
10 13 16 19 22
3 3 3 3

Differences of the fourth order are constants, so that the general term of the series is of
known form

12n(n—1) 10n(n—1)(n —2) n 3n(n — 1)(n72)(n73).

1+6
tont /3 123 1.2.34

This general term contains five kinds of terms multiplied by 1, n, n?, n3, n*. There-
fore each and every term will depend on the five preceding terms and by taking A, B, C, D, E



the coefficients to be determined I establish the following equation

12n(n—1) 10n(n—1)(n—-2) 3n(n—1)(n—2)(n—3) _

POt T 1.2.3 1.2.3.4

A4 6AMm 1) 4 1240 _1.12)(7@ ~2)  10A(n— 1)1(721; 2)(n—3) , 3A(n - 1)(n;2?;'(z —3)(n—4)

B4 6B 2)+ 2BO —1.22)(71 ~3) , 10B(n— 2)1(33— 3)(n—4) , 3B(n— 2)(n1—.222.(f —4)(n—5)
™ B e+ o
D +op(n )+ R O =RE R S o=
E+6E(n—5)+ 12E(n —1.52)(71 —6)  10E(n— 5)1(;3— )(n-7) 3B - 5)(n1—.2f.5;'(;l —7)(n—-8)

This equation remains, as it is well known if n 4 1 is written in place of n, in which
case the order of each and every term in the series will be greater by unity. If n + 2 is
written in place of n, the order will be greater by two units; and hence any one term in
the same manner will depend on the previous five terms, and the scale of the relation
will be,

Aaq Ba*¢®? Co?¢® Da'q* Ed®¢®
p p? p? p* p°
The same proof succeeds in all cases in whatever kind of series the displayed differ-
ences become constants, so that if the differences of the v™ order become constants,
each and every term depends on the (v 4 1) preceding terms, whence a recurrent series
will appear of which the scale of the relation will contain v + 2 terms.
In the present case, by aid of the general term I seek the terms 750, 1155, 1715.
Now I set up the following five equations,
170 = 1155A + 7508 + 462C + 266D + 140E
1155 = 750A 4 4625 + 266C + 140D + 65E
750 = 462A + 2668 + 140C + 65D + 25F
462 = 266 A + 140B + 65C + 25D + 7E
266 = 140A+65B+25C + 7D+ E

1-—

By eliminating the quantity I, the following four equations appear,

1400 = 714A + 315B + 110C + 24D

5900 = 3038A + 13598 + 485C + 110D
16135 = 8350A + 37638 + 1359C + 315D
35535 = 18445 A + 83508 + 3038C' + 714D

By eliminating the quantity D, the following three equations appear,

6200 = 2814A + 1017B + 230C
17920 = 81704 4 29715 + 678C
24460 = 11186A + 4085B + 938C

10



By eliminating the quantity C' the following two equations appear

41000 = 14396 A + 3098B
94900 = 33376 A + 71988

By eliminating the quantity B the following equation appears
558900 = 1117804,

thence results A = 5, B = —10, C = 10, D = —5, E = 1. The scale of the relation
will be therefore

1 5aqg 10a02¢®>  1003¢®  5atq*  ab¢° _( aq 5
- 2 R E— 5 T,
p p p p p p
But the proposed series is able to take this form,
pp(p~° + Tagp™® + 250%¢°p™" 4 65a°¢°p~® + 140a’q"p~?
+2660°¢°p 10 4 462a5¢%p ! etc.)
Howeyver, there exists

9

(p—aq)™ =p° +5aqp~ 5 +1502¢*p " + 35a3¢>p~8 + 700t ¢ p~? etc.
Let this series be multiplied through by a + %. and it will produce
ap™®  +baagp™® +15a0?¢®p™" +35ac’@Pp=®  +70aa’tqip®
+b +5b +15b +35b etc.

Comparing terms, there is a = 1, 5a + b = 7, or b = 2, and thus it happens sufficient
to the other conditions. Therefore the sum will be 121; fi(;;? as above.

Other series are able to be summed in the same manner. But it should be observed
how we have managed more easily to have been able to sum some series, by the figurate
number taken of order five, and multiplied by the coefficient to be determined a, with
the same numbers multiplied again by the other coefficient to be determined b, and
by the same with the previous added, but advanced by one order thus as the first with
the second, the second with the third, and thus added in order. While each and every
term of the second series is multiplied by the power of the quantity p, by two units
higher than in the previous case, I add the figurate number of order seven, and while
the second series is able to take this form,

o?qp*(25p~ " +3.65aqp 8 +6.14002¢*p 2 +10.2660°¢>p 1V +15.462a  ¢p ! etc.

I shall form a new series, namely
ap™” 4Taagqp™® +28ac?¢*p~? +84aa’Pp~ 0 +210aatqgip!
+b +7b +28b +84b etc.

11



Comparing terms, there exists a = 25, 7a + b = 195, or b = 20, and thus it happens
sufficient to the other conditions. Therefore the sum will be

25a2p%q + 200>pg?
(p—aq)”

as above.
The third series is able to take this form

a?qp?(2.65p~2 4 11.140agp 10 + 35.26602¢%p~ 11 + 85.46203¢>p~ 12 etc.)
But from the figurate numbers taken of order nine, I shall form a new series,

ap™® +9aaqp™'® +45a0’¢?*p~1 +165aal¢PpT12  +495aatqtp—13
+b +9b +45b +165b
+c +9c +45¢ etc.

Here I have added the third coefficient ¢, because the first two were not sufficient. Now
comparing terms, there exists a = 130, 9a+b = 1540 or b = 370, 45a+9b+c = 9310
or ¢ = 130, and thus it happens sufficient to the other conditions. The sum is therefore

130a3qp® + 370a%¢*p? + 130a°¢%p
(p — aq)?

as above.
The fourth series is able to take this form,

Aap(2p° + 1lagp=® + 350%¢*p™" + 85a3¢%p 8 etc.)
From the figurate numbers taken of order five I shall form a new series

ap™?® +5aaqp76 —|—15aa2q2p’7 +35aa3q3p*9 +7Oaa4q4p*10
+b +5b +15b +35b etc.

By comparing terms, there exists a = 2, 5a + b = 11, or b = 1, and thus it happens
sufficient to the other conditions. Therefore the sum will be

203qp + 4atq?
(p — aq)®

as above.
The fifth series is able to take this form,

qp?(2.10p~ 7 4+ 11.150gp % + 35.210%¢*p % + 85.28a3¢°p 10 etc))
From the figurate numbers taken of the seventh order, I shall form a new series,

ap’7 +7a0¢qp78 +28aa2q2p*9 —|—84aa3q3p’10 —|—210aa4q4p’11
+b +7b +28b +84b etc.

12



By comparing terms, there exists a = 20, 7a+b = 165, or b = 25, and thus it happens
sufficient to the other conditions. Therefore the sum will be

2003qp® + 25a¢>p
(p— aq)”

as above. However the order of the figurate numbers which must be used, will depend
on the order of differences which become constants, the first order surpasses the second

_p__
by unity. Substituting now in place of « its value 1~ = 25~ +Z , it will produce
p+aq
L_gf
+ a2 =p+ (177*"17
p—aq 00 T TP oy
g 0 (p+q)%0% =
p ? 2 ?
p<m+9) +q(m‘9) _pva . (p+a)? _ pat(p+q)’0?
(p+q)0? p+a  (p+q)6? (p+ q)°6?
The formula will become
» p+1 » q+1
(79" (E+o) o+ (p-+ )
1-— 393 etc.
(p+4q)f (p+q)°0

(This formula is what the famous Laplace reports §18. of the cited memoir, and §8.
Memoir year 1783.)

5. The series of the preceding §

1 q v q(q—1) ?
p+1 pE D12 (10) p+r1)...(p+3) (11}) ete.

converges if v < 1 — v, thatis, if v < % Therefore this series serves as long as

the selected Probability is demanded from O to a fraction inferior to the fraction % If
the selected Probability is demanded from O to a fraction greater to % the following
method should be used. The Probability is taken from 1 to this fraction greater than
%. To discover this Probability it will be sufficient in the formula of the preceding § to
write p in place of ¢, ¢ in place of p, and n — « in place of a, or to write v in place of
1 — v and 1 — v in place of v, whence the series will arise,

1 P 1—vw plp—1) 1—v\”
p+1+<q+1><q+2>< v )+<q+1>...<q+3>< v ) t]
(1-— v)q-l-lvp—i-l

p+qv—p’

(1 —v)?HtyP

(if p and q are enormous numbers)

p p+1 q g+1
_ (+0) (35 -9)

—(p+q)0 ’

13



if its value p%q — 6 is written for v. This formula will represent the Probability taken
from 1 to p + 0. Therefore the sum of the Probabilities taken from O to L fand
from + 9 to 1is

(m _0) +1 (pﬂ +9) q+1 N (ﬁ +9)p+1 (ﬁ B 9)q+1

(p+a)f
Therefore let K be the Probability taken from O to 1, the selected Probability will
produce from -2 — 6 to p_’f_q +0=
+1 +1 p+1 q+1
[(m—ﬂ (40" + (o) (5 -0)"
- (»+q)0

as the famous Laplace reports in the Memoir year 1778. §18.

6. If p = ¢, and then a = 1, by formula §4. it will happen,

1 -1 .(p—2

N p L pp=1) p...(p=2)

p+1 (+D@+2)  (G+1...(p+3)  (p+1)...(p+4)

By supposing p =1, 2, 3... etc. the following Table of p will arise,

p=1|1+ L =4 =2

S P

p=2 ? N ? i 33425 N 33'.42'51 384 2.3.2°

il e e Ty T

p=4 5+%+5.é7+5678+59 :45'6.'.8 0

—5|145 4 4 543 4 Bl _ 23452

p 6 67 678 6.7.8.9 6 10 6 a1 6...11
Now it is well known by analogy for p = p to be the sum = % By multi-
plying this formula by 22,)% (because in this case is v = ) it will be W

1.2.. 1.2..
p+1).. (p+q+1) (p+1).. (2p+1)
bility, the number of white tickets not exceeding the number of black tickets is = 5 as

it is clear a priori.

But the entire probability is = 4 Therefore the proba—

7. The sum of the Probability taken from 0 to the given quantity 3 and of the Proba-
bility taken from (3 to 1 must be equal to the Probability taken from O to 1. Therefore by
the calculation I begin near the preceding § and by preserving the same denominations,
the following equation will appear

9

Uerl(l—v)q( ! 4 qo q(g — 1)a? gig—1)... la
p+1 (+DP+2)  (+1)...(p+3) (p+1)...(p+q+1)

a2 aP

1 P p(p—1) p(p=1)...

1

)

+0P(1— v)q+1 <

_ 1.2...¢q
C(p+1D) .. (ptqg+1)

14
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and hence

1 n qo qlg —1)a? qg(g—1)...1a1
p+1 (p+DpE+2) (@+1)...(p+3) (p+1)...(p+qg+1)

1 1 ya p(p—1) p(p—1)...1
+ - + o + a B ab
a\q+1 (¢+1)(¢+2) (¢g+1)...(¢+3) (g+1)...(p+qg+1)

. 1.2...q _ 1.2...q (1_|_a)p+q+1
T (p+1)..(prg+Derti(l—0v)  (p+1)...(p+q+1)  artl
1.2...p (14 q)ptatl

C(g+1)...(pFqg+1) ap+l

If a = 1, the equation will be

1.2...p optatl _
(g+1)...(p+q+1)
1 n q q(g—1) - q...1
p+1 (p+1)p+2) (»+1)...(p+3) (p+1)...(p+q+1)
1 D p(p—1) p...1

+q+1+(q+1)(q+2) (q+1)...(q+3)"'+(q+1)...(p+q+1)

or because of

1.2...¢q _ 1.2...p
(p+1)...(p+q+1) (p+1)...(p+q+1)
1.2...p ogptatl _

(p+1)...(p+qg+1)

12...p 1+(p+q+1)+(p+q+1)(p+q) Jr(p+q+1) (p+2) ]
(++1) (++1)(+) (++1)(+2)
(q+1).(p+q+1) +1+pq +pq pPTq _~_pq‘2“qq
(p+q+1) (p+ +1)( +q) (p+q+1)...(p+2)
. 1+p§ 4+ (tatD(ptg "+pq1_2.._qp
L +1+(p+111+1) +(p+q+1)(p+q) +(p+q41r12)-~(p+2)
(g+1)...(p+q+1) (p+q+1)‘..(p+1)+(p+q+1) — (p+a+1)om(a+2)
1.2...(¢+1) 1.2...(qg+2) 1.2...p
12...p {1_,_ (p+zi+1) + (p+q+12(p+q) et (p+q41r.12).-.~'é(p+2)
1)... 1 1 P p(p—1) | p(p—1)...[p—(p—q—2)]
@+ D-rat D) o rodem tee T e e

Therefore it is

1, q Lae=) q¢—-1)...1

p+1 (+DpEP+2) (@E+1...(p+3) (p+1)...(¢g+p+1)
1.2...p pta 1( 1 n P p(p—1)

(q+1)...(p+q+1) 2\g+1 (¢g+1)(qg+2) (g+1)...(¢+3)

+

p(p—l)-~-p—(p—q—2)>
(g+1)...(¢g+p—1q) '
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By supposing o = 1, letv = 1,1 — v = 1, now our formula will be multiplied by
vP(1—v)4 or by it . Dividing next by W% it will show the Probability
the number of white tickets will not be exceeding the number of black tickets, and it
will be =

1 1 (¢+1)...(p+q+1) 1 P
2 ovtatl 1...p X(q+1+(q+1)(‘J+2)
p(p—1) m+p(p—1)~~[P—(p—q—2)]>
(g+1)...(¢+3) p+1)...(¢+p—q) '

8. This last formula is able to serve in the cases where p — ¢ is a small number, in
which case the first formula frequently diverges. Of this kind the Celebrated Laplace
handles an example in the Memoir year 1783 §18. There exists in Burgundy a little
city named Viteaux, in which are born during one year 415 infants, 203 of male 212 of
female kind. Let p = 212, ¢ = 203 be made, they produce p+q = 415, p+q+1 = 416.
The series

4 e el P (g2
q+2  (¢+2)(g+3) (¢+1)...(¢+p—20q)
212 212.211  212.211.210  212.211.210.209  212.211.210

* 205 * 205.206 * 205.206.207 * 205.206.207.208 205.206.207+

212.211 = 212
205206 + 205 + 1 =9.4630.

Now there will be from the theorem of Stirling

(g+1)...(p+q+1)  (p+q+1)r+ats

1.2...p V2mprtgitie

(e is the number of which the hyperbolic logarithm is unity). Thus the calculation
proceeds,

4161 log416 = 1090.8523594
log 9.4630 = 8.6663986

204 1089.5187580  1089.5187580
21231og212 =  494.3463787 1090.2847088

469.5754360 9.2340492

2031 log 203

41712 = 125.5295100 0.17141
IV2r = 0.3990899
le = 0.4342942

1090.2847088

Therefore the Probability of the number of girls not being in excess of the number of
boys will be = 0.5 — 0.17141 = 0.32859, and the Probability of the number of girls
being in excess of the number of boys will be = 0.67141, just as the Celebrated Laplace
reports.
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9. By the quantity o remaining indeterminate, the general equation is able to take
the following form

12...q (1+ a)ptatt
(p+1)...(p+q+1) aptl
1.2...q )< q+p+q+1)aq,1+(p+q+1)(p+q)aq72m

(p+1)...(p+qg+1 1 1.2
(p+q+1)...(p+2) 1 (p+g+1) 1
1.2...q aptl 1 aP
(pta+tVlp+q L (ptetD...(p+2) 1
1.2 apr—1 1.2...¢q ap—atl

p+qg+1)...(p+1) 1 p+g+1)...p 1
1.2...(¢+1) ar—4 1.2...(¢g+2) ar—a-1

(p+q+1)...(p+2)1>
1.2...¢q a)’

The method of summation of these various series by approximation requires contem-
plations, which here it was set forth at greater length, and which deserve to be set forth
apart.

10. Let there be some vessel containing an infinite number of white and black
tickets, there are extracted from that vessel p white q black tickets, the Probability is
sought m white and 2a — m black tickets will be exiting in a following operation. From
1. the Probability of m white, n black tickets exiting from the vessel whence already
exited there are p white tickets, g black, is =
(m+1)(m+2)...(m+n)(g+1)(g+2)...(g+n)(p+1)(p+2)...(p+qg+1)

1.2...n (p+m+1)(p+m+2)...p+qg+m+n+1)
by substituting the quantity 2a — m in place of n, this formula is =

(m+1)(m+2)...2a(g+1)(g+2)...(¢+2a—m)(p+1)(p+2)...(p+q¢+1)

1.2...(2a —m) (p+m+1)(p+m+2)...(p+q+2a+1)
B 1.2.3...2a 12...(g+2a—m)12...(p+q+1) 12...(p+m)
1.2...m1.2...(2a —m) 1.2...q 1.2...p 12...(p+q+2a+1)
1.2...a 1.2...(p+q¢+1)12...(¢g+2a—m)12...p+m

T 12 (ptq+2a+1) 12...pl2...q 12...(2a—-m) 12...m

Now in order to obtain the Probability of the number of white tickets to not be in excess
of the number of black tickets, the sum of all these values should be taken from m = 1
to m = a. However constant is the coefficient

1.2.3...2a 1.23...(p+q+1)

12...(p+q+2a+1) 12...p12...q °
therefore it suffices to consider the formula
1.2...(¢g+2a—-m) 12...p+m _
12...(2a—m)  12..m

2a—m+1)2a—m+2)...(g+2a—m)(m+1)(m+2)...(p+m) ="Tp.
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Let the following term be = 7, there will exist the equation

_ (I14+2a—m)(m+1)
" (2a—m)(p+m+1) md

However there is 7,,41 = 7. + A7, (A is the sign of a finite difference). Hence it
produces,

_(m+1)(g+2a—m)\ _ (m+1)(g+2a—m)
Tm (1 (2a—m)(p+m+1)) © (2a—m)(p+m+1)

AT,
or

(m+1)(qg+2a—m)
2ap —q—m(p+q)
In a similar way the equations will exist

Tm = AT,

2 1-—
Tm—1= mlq t2a+1=m) AT,
2ap+p—m(p+q)
(m—=1)(g+2a+2—m)

2ap+p—(m+2)(p+q)

AT,,_o, etc.

Tm—2 =

If it happens 7,,,_1 = aAT,,_1, Tm—2 = aAT,,_» etc. (by « proving to be constant)
it will produce

Tm-1+ Tm—o + Tm_getc. = @(A?m_l + AT + ATz + etC.) =aly,

or
m(g+2a+1—m)
2ap +p —m(p+q)
(X is the sign of the summation of finite differences) but by supposing m = a, it makes

Xlmo1 =

m

1
sy, = datatl .
p+a(p—q)

But it makes, if the formula of the approximation of Stirling is applied, and it is sup-
posed m = n = a, it makes I say,
Vg + @) T3 (p 4 a)Prati (g 4 g)prats
PPrEqitE (p+ g + 2a)Prat2ats -
We+a)g+a)p+q):(a+a)™p+aPtp+qrtt _
VPP + g+ 2a)% (p + q + 2a)P+i+2appgd

3 a a
WP +a)g+a)(p+a)? () (GE )T (0 + PR

VBA(p + g+ 20)3 (p + ¢)2prq”
w4 (p 1 4) <p+a><q+a><<p+a><q+a>)q+"<<p+q)(p+a>>”+“_
(p+ @)% /pa(p+q+2a)2 \ap+aq+2a) p(p+ q+ 2a)

Wi (p+q)*/(p+a)(qg+a) alp—q) """ (. alp—q "
(p+)>*/pa(p + q + 2a)* (1+Q(p+q+2a)> <1 p(p+q+2a)>

3
2
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as the Celebrated Laplace refers in the Memoir year 1778. §20. Here for the sake of

brevity I have supposed v = %

Let the equation

_ (m+1)(¢g+2a—m)

2ap —q —

be considered again and by successively attributing to the quantity m the values 0, 1, 2. .. a,

the following equations exist:

A7m7
m(p + q)

(g + 2a) 2(¢+2a—1) 3(g+2a—2)
To = A? =S AT, Ty= AT,
O  2ap—q " T @a—Dp—2¢""" T (2a-2p—3¢
A(q +2a — 1
73:MA _ atatl) oo
(2a —3)p—4q (a+1)p—aq
Certainly
2 2 1
=Tt ATo= (220 ) a7, = 20 ED o
2ap —q 2ap —q

2(q +2a—1) (2 -1)(p+2)
To=T1+A7, = "2 41 A7_—A7
2= Ean ((2a—1)p—2q+ ) T (2a—1)p-— "
3(q¢+2a—2) (2a — 2)(p+3)
Tas=To+ATg= " — " +1|ATg=~——""— ~AT
3T an ((2612)17?%14r ) P (2a-2p-3¢ °
or,
(¢ + 2a) 2a(p+1) (2a —1)(p+2)
0 2ap_q 0, 1 2ap_q 0 2 (2a—1)(p_2q 1,
(2a—2)(p+3) (20— 3)(p+4)
T3 = —— AT Ty = —-—I— AT
s (2a —2)(p — 3¢ T 2a—3p—4q " ?
. _(atpta)
a a—1-
~ (a+1)p—aq
But there is
(2a—1)(p+2) 2a(p + 1)
AT =Ty—Ty = 2 BT YAy 28T I Ag
! 2 ! (2a —1)p—2¢q ! 2ap — q v
Therefore ) ) o9 )
a(p+1) ., _ 22a+tq-1 |
2ap — q (2a —1)p—2¢q
Likewise
2a—1p—2q 1.2(2ap—q)(2a+q—1)
Therefore

2a(2a - 1)(p+2)(p+1)

Ty =

1.2(2ap — ¢)(2a + ¢ — 1)

ATy.
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In addition

ATy =77y 20=D043) 200D+ 2)(p-+1)

ATg.
(2a — 2)p — 3¢ 2 1.2(2ap — ¢)(2a+ ¢ — 1) 0

Therefore
2a(2a —1)(p+2)(p+1) 3(2a +q —2)
To = —————— ATy,
1.2(2ap — q)(2a + ¢ — 1) (2a —2)p — 3q
AT, 2a(a - 1L)(p+2)(p+1)

= ATy,
(20 —2)p—3¢ 1232ap—q)2a+q—1)(2a+q—2) °

. 2a(2a —1)(2a—2)(p+3)(p +2)(p + 1)

ATy,
123Q2ap—q)2a+q—1)(2a+q—2)  °
and hence
q+2a 2a(p+1) 2a(2a—1)(p+2)(p+1)
To = ATy, T = ATy, To= ATy,
0 2ap — q 0 ! 2ap — q 0 2 1.2(2ap — ¢)(2a + g —1) 0

o 2020 —1)(2a = 2)(p+3)(p+2)(p + 1)
7 1232ap—q)2a+q—1)(2a+q—2)
- 20(2a—1)(2a =2)(2a=3)(p+4)(p +3)(p +2)(p + 1)
T 1.2342ap - ¢)2a+ g — 1)(2a+ ¢ —2)(2a + ¢ — 3)

o __ 20Qa—1).. (a+lp+alpta-1)...(p+1)
“123...a2ap—q)(2a+qg—1)2a+q—2)...(a+qg+1)

ATg

ATg.

Therefore

+ 2a
To+T1+To+T3+Tg4---+7,= a ATq
2ap — q
L ATy 2a(p+1) +2a(2a—1)(10+2)(p+1)
2ap — q 1 1.2...(2a4+¢—-1)

2a(2a—1)(2a —2)(p+3)(p+2)(p + 1)
123(2a+¢—1)(2a+¢g—2)

2a(2a —1)(2a —2)(2a = 3)(p+4)(p+3)(p+2)(p+ 1)
12342a+q—-1)(2a+q—2)(2a+q—3)

2a(2a—1)...(a+1)(p+a)(p+a— 1)...(p+1))

1.23...a(2ap+q—1)(2a+q—2)...(a+q+1)

This inverted series will take the following form,

. <1+ ala+q—1) ala—1)(a+qg+1)(a+q+2)

‘ (p+a)a+1)  (p+a)p+a—-1)(a+1)(a+2)
ala—1)(a—2)a+qg+1)(a+q+2)(a+qg+3) etc.) B
(p+a)(p+a—-1)(p+a—2)(a+1)(a+2)(a+3)
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(if p and q are supposed enormous numbers)

ala+q—1) a?(a+q+1)? a*la+q+1)>3 -
7“@*‘@+axa+u 0+ a2(at 1) (p+@%a+n3t'>‘

7 1 _ (p+a)la+1) _ - (pta)atl)
a a(a+ +1) — ta _ _ - ta _ .
1— e, (p+a)la+1)—ala+qg-1) p+alp—q)

11. If I wish to progress further, I would observe the series anew,

ala+qg—1) ala—1)(a+q+1)(a+q+2)
Mot Tt e Dt Dt

and there will proceed

alatg+1) q+2
(a—1)(a+q+2)  Graer) ~ GrarDd _
_ —2 B
(p+a—1)(a+ ) 1+ m
ala+q+1) _((p—2)a(a+q+1) q+2 )_
(p+a)a+1) (a+a)*(a+1)>  (p+a)latl)

ala+q+1) (aap + 2apq + aaq)

(pt+a)a+1)  (p+a)la+1)?

(by neglecting quantities in which the sum of the set forth quantities a, p, ¢ is smaller
than unity). In the same manner

(a—2)(a+qg+3) _ alat+qg+1)  2(aap+2pq+ aaq)
pro-2wtd)  Graer)  profatD?
(a—3)(a+q+4) ala+g+1)  3(aap+2pq+ aagq)
(p+a—3)a+4) (p+a)(a+l) (p+a)3(a+1)3

)

and so forth. Let, for the sake of brevity,

ala+q+1) aap + 2apq + aagq

T (pta)a+1) T (pHa)2(a+1)2

and by neglecting squares of the quantity B, the sought series will be =

14+ A+ A(A— B)+ A(A— B)(A—2B) + A(A — B)(A - 2B)(A — 3B) etc.’
=1+A+AA+ A3+ A* + APetc. — AB(1+3A+6A% +104? etc.)
1 AB 1 (1_ AB etc‘):

1-A (1-AB3 1-4 (1- A)2
(a+p)at1) (1_ a*(a+ g+ 1)(ap + 2pq + aq) etc)

ap +p — aq (ap+p—aq)(p+a)*(a+1)?

The Celebrated Laplace reports a similar series §20, and the higher terms of this series
can be discovered, the laborious calculation will become only prolix.
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12. The Celebrated Laplace in the Mémoires Etrangers T. 6 attacks the following
Problem. Two gamesters A and B of whom skill is unknown, between themselves on the
same condition that he who first will have won v games, obtains the sum 1. However
the gamesters are forced to cease the game, while gamester A lacks f games, gamester
B h games. With this put it is sought in what way the sum is divided between the
gamesters.

If the skill of the gamester A was p, of the gamester B 1 — p, and the quantity p
had been known, the Problem was able to be reported to the second Problem among
the most general Problems which the Celebrated Lagrange has handled, (Mem. Acad.
Berlin 1775) and which I have demonstrated by an elementary method in the memoir
transmitted in the Royal Society. The formula reported at the end of this Problem is
this

" a(l—p) ala—1)(1—p)? al@—1)...(b+1)1—pa=?
P (1+ L P 1...(a—Db) pa—t >

Here there mustbe a = f + h — 1, b = h. But I prove in §1, that if there are p white
tickets g black drawn from a vessel containing an infinite number of white and black
tickets, the Probability of extracting in the future m white tickets, n black, will be

(g+D)(g+2)...(¢+n)p+1)(p+2)...(p+q+1)
(p+m+1)(p+m+2)...p+qg+m+n+1)

Here there must be p = v — f, ¢ = v — h, thus the formula becomes

(v—h+1)(v—h+2)...(v—h+n)v—f+)v—-f+2)...2v—f—h+1)
(w—f+m+H)v—f+m+2)...2v—f—h+m+n+1) '

Now into the preceding series, in place of the first term p® this formula is substituted
by supposing m = 0, n = f + h — 1,whence the term will produce

(v—h+1)(v—h+2)...(v+f-Dw—-f+)v—f+2)...2v— f—h+1)
w—f+Dv—-f+2)...(2v)

(v—h+1)(v—h+2)...(v+f-1)
2u—f—f+2)2v—f—h+3)...(2v)

In the place of the second term p®~1(1 — p) this same formula is substituted by sup-
posing m = 1, n = f + h — 2, whence the term will produce

(v=h+l)(v—h+2)...(v+f=2)v=f+Dv+f+2)...2u—f—-h+1)
w—f+2)(v—f+3)...(2v)

v—f+1

v+f—1°

p~2(1 — p)? this same formula is substituted by supposing m = 2, n = f + h — 3,

whence the term will produce

(w=—h+Dw—h+2)...(v+f=-3)v—f+1)v+f+2)...2u—f—h+1)
w=f+3)(v—f+4)...(2v)

which is the term of the first case multiplied by In the place of the third term
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(v—f+1) (0= f+2)
(v+f-1)(v—f—-2)"
fourth term p®~3(1 — p)? this same formula is substituted by supposing m = 3, n =
f + h — 4, whence the term will produce

which is the term of the first case multiplied by In the place of the

(v—h+1)(v—h+2)...(v+f-DHw—-f+)v+f+2)...2v—f—h+1)
(v—f+4Hw—-f+5)...(2v)

v—f+1)(v—f+2)(v—f+3)
v+f-D)(v—f-2)(v+f-3)"

In general in place of the term (a — b + 1)1, which is p®(1 — b)~° the same formula
is substituted by supposingm =a —b, n = f + h — a + b — 1, whence the term will
produce

(v—h+1l)(v—h+2)...(v+f—a+b-1Dw—-f+)v—f+2)...2v—f—h+1)

which is the term of the first case multiplied by E

(wv=f4+a-b+1)(v—f+a—-b+2)...(2v)
which is the term of the first case multiplied by

(v—f+DH)v—f+2)...(v—f+a—-0)
w+f-Dw—-f-2)...(v+f—a+b)

Butitisa = f +h — 1, b = h, and also this multiplier will be

w—f+)v—-f+2)...(v—1)
w+f-Dw—-f-2)...(v+1)

by substituting values mentioned above the sought Probability will be

(w=—h+1)(v—h+2)...(v+f—1) <1+(f+h—1)(v—f+1)
2u—f—-h+2)2v—f—h+3)...(20) 1 v+ f—1
LR DR oSN f12)
1.2 (w+f-Dw+f—2)
(f+h—=1)...(h+)(n—f+1)n—f+2)...
123...(f-1) (f+n—-1(f+n-2)...

+

(n — 1))
(n+1)
as the Celebrated Laplace reports.

In the same manner all Problems are able to be solved which the Celebrated La-
grange has treated and which are contained in the preceding dissertation, and in general
in the same manner, all Problems of this kind are able to be solved, by preserving the
coefficients and whatever terms, and in the place of the terms themselves by substitut-
ing the terms which result from the formula demonstrated in §1.

13. The method which we are using is able to be reduced to the method of the
Celebrated Laplace the other in an easy manner, it is sufficient to apply the integral
calculus in the summation of series. Thus the series

1 ¢ 1 q¢g=1) 1 glg—-1)(—2) 1 1
p+1 1p+2 12 p+3 123  p+4 prqg+1
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is able to take this form

Pt g a2 (g —1) 2P g(q—1)(q —2) 2Pt

_ 1 . . =5
P+l 1p+2 ' 12 p+3 123 pracc

here is S = 0 where x = 0, and after integrating the series there must become .S = 1.
Therefore there is

as
— =aP 1—qx—|—q
dz

dS = zP(1 — z)%dx,

(¢—1) o qlg—1)(¢—2)

3 — 2P(1 — )4
T3 % 193 z° etc. 2P (1 —x)9,

S = 2P(1—2x)?dx, by being integrated from 2 = 0 to z = 1, as the Celebrated Laplace
reports.
In the same manner the series

nlar™ - an_l ot + q(q — 1)71‘1_2 ot etc.
p+1 p+2 1.2 p+3
is able to take this form
nlaPtl bt _ o P2 4 q(¢—1) 0‘72 abts etc
p+1 p+2 1.2 12p+3
Let p+1 p+2 _ 2 pt3
x qo x q(¢g—1) a® x cte. — &
p+1 np+2 1.2 12p+3 " 77
it will produce
ds —1)a? . (g—2)? q
s _ ol da-De” 5 g (g=2a” 5 1 » (1- %",
dx n 1.2 n? 1.23 nd n

therefore dS’ = 2P (1 — 22)"dx, S" = [P (1 — 22)" dz. Now let there be

o p
n

ptgq

q
S’:/xp [1—<p—9>x] dx,
p+gq

by being integrated from 2 = 0 to = 1, and dividing the result by n? T4+ the series

becomes
p . p !
(o) [ (2 -0)]
p+gq p+q

But it is, (by being integrated from z = 0 to z = 1)

1
P(1 Ay — P(1 q
/cc (1 —vz)lde ” 1/1: (1—2)ldx
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(by being integrated from x = 1 to x = v), because in both cases it produces the series

1 qu | qlg—1)

2
— tc.
P+l prz 12 UC

Therefore the series will be

P v
< - 0> /xp(l — )%z,
p+q

by being integrated from x = 0to x = p%} — 6. In like manner the calculation will be
in other cases.

14. According to the aforesaid it follows the Probability originating from the causes
of effects, whatever method to require corresponds to two parts. In the first part the
formulas are being assigned which represent this Probability, in the other part they
indicate approximations which deliver possible uses of these formulas where enormous
numbers are present. We see in the previous § integral formulas used by the men the
most celebrated Laplace, Condorcet etc. to be nothing other than abbreviated formulas
which coincide with the common method of combinations. In truth [ zP(1 — z)%dx
(by being integrated from x = 0 to = 1) is nothing other than the sum of the terms
which are produced from the unfolding of the formula zP(1 — 2)9, by substituting
successively for x of the values %, =, %, e ”T_l and supposing the quantity n infinite.
This conclusion is deduced from the very beginnings themselves of the integrals of the
calculus. Demonstrated once by this analogy, the integral formulas are able to be used
for the sake of brevity, and chiefly these abridgments are useful while the quantities
arrive more composite, for the sake of an example, 27(1 — 2)%2'?' (1 — /)7 , and the

quantities %, %, %, ... x are substituted for 2’ and the quantities +, 2, 3 .. "T_l for

n’ n’>n’
2. In this case it will be sufficient to integrate the formula 27 (1 — x)%2’? (1 — 2/)9 dx
from 2’ = 0 to 2’ = x, and from z = 0 to x = 1. I shall add only one example lest
this inquiry become longer.

The Celebrated Laplace supposes to have been born in Paris between certain times
p boys ¢ girls, but in London within a different interval of time p’ boys ¢’ girls, and
he seeks the Probability, the cause which produces boys to be more efficient than in

London. From the aforesaid it follows this Probability to be represented by the formula

JfzP(1 - x)4z' (1 — &) dada’
[[xp(1 — z)1z?' (1 — ') dxdz’

(with the numerator being integrated from 2’ = 0to 2’ = x, and fromz =0toz = 1,
but the denominator from 2’ = 0 to 2’ = 1, and from = = 0 to = = 1.) In this first part
no difficulty is involved, and by itself its general rule of the calculation of probabilities
is being applied for its own sake. However the other part which is concerned with the
approximation manner, is subject to enormous difficulty, as it surpassed all things, the
Celebrated Laplace has discovered the more sublime Analysis. Now we see in the pre-
ceding by what manner the common calculus of series were able to lead to analogous
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conclusions. In this case the integral of the denominator permits no difficulty. And
indeed

a'(1—2/)7 =2 — q—/x’plﬂ + Mfﬁ'ﬂ R i

72)x/p/+3 P
1 1.2 1...3
/ (1 - 1) da’ P g P (g — 1) 2P /P a1 (a)
z - T = - . a
p+1 1p +2 1.2 p+3 p4+q +1

= (by being integrated from z = 0 to x = 1)
1 qg 1 +q’(q’—1) 1 qg...(¢-2) 1 n 1
p+1 1p+2 1.2 p+3 1...3 p +4 p+qg+1

Therefore

[0 =2t (1= ) oo =
!

L g 1 +q/(Q'—1) 1 qd...(¢-2 1 L 1
DA T ST Y S

p+1 1p+2 1.2 p+3 1...3 p+4 prg+l
_ l...q 1...q

P+ .0 +d+1)p+1)...(p+g+1)

However the integral of the higher numerator is explored as seen from the follow-
ing. I return to formula (a) which is made, supposing x = z’,

/x/gm(1 _ x/)qldl‘/ _ ij’—i-l 3 g/ xp/+2 q/(q/ _ 1) xp/+3 xp/+q/+1p/+
p+1 1p+2 1.2 p+3 P rqd 41
Therefore
// aP(1— x)qwlpl(l - x/)q/dl'daj/ =
/ Ip+p/+1 q/ $P+p/+2 q/(q/ . 1) .Z’p""pl""?’ . xp+p'+q’+1

q  aa—1) 5 q...(a-2) 4
1- - ce gt
X( 1t T 1...3 ° z
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(by integrating fromz = 0toz = 1)

1 1 q (¢g—1) 1 1
— + ..o+
pP+1\p+p +2 p+p +3 1.2 p+p +4 p+p +q+2
q 1 q (¢-1) 1 " 1
pP+3\p+p+3 p+p+4 1.2 p+p +5 p+p +qg+3
—1
+7q(?.z) L T (C ek VRS SN 1
p+3 \p+p+4 p+p'+5 1.2 p+p +6 p+p +q+4
—2
- )( L SN[ /feet ) S S 1 )
p+4 p+p+5 p+p +6 1.2 p+p' +7 p+p +q¢+5
n 1 1 B q +61(q—1) 1
P+q¢+1\p+p+qd+2 p+p+q¢+3 1.2 p+p+4q¢ +4

1
p+p’q+q’+2> B

(by summing this series by the method of §1.)

1 < 1.2...q q 1.2...q
P+1\(p+p+2)...p04+0p+q+2) p+2{p+p+3)...(p+p +q¢+3)
(o' —1 o (d—2
cACES) 1.2...q Ll 1.2...q
pP+3 (p+p+4)...(p+p+q+4)  p+4 (p+p+5)...(p+p +q+5)
1 1.2...q _
pPrqg+1l(p+p +q +2)...(p+pg+qd +2)
12...q ( 1 ¢ (p+p+2)
p+p +2)...(p+p +q+2)\p+1 p+2p+p +q+3
’ /7 /.“ /72
Dy +2p+p +3) 2 12 +4)
P +3 (p+p +q+3)(p+p +q+4) pP4+4 (p+p +q+3)...(p+p +q+5)
1 p+p +2)...(p+p +q +1) )
P+ +1(p+p +q+3)...p+0 +q+¢ +2)
The series
1 ¢ (p+pr'+2)

etc.
pP+2 p+2p+p +q+3

provides, by substituting successively for ¢’ the values 0, 1, 2, 3 etc.

1

p'+1 N g1
(' +1 )(p +2) ' (¥ +2)(p+p(+q+3)
(r+

1.2 + 2(g+1) + (g+1)(g+2)
% 2(?1)7 +3) (p"+2)(p’ +g)((p+1)7 +q+3) (p"+3)(p+p'+q+3) (p+p’' +q+4)
(p+1)...(p"+4) + (p)4(r2) (' +4) (p+p' +q+3)

+ 3(g+1)(g+2) + (g+1)(g+2)(g+3)
(p'+3)(p' +4)(p+p’+q+3) (p+p’' +q+4) (p'+4)(p+p’+q+3) (p+p’+q+4)
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Now it is clear by analogy, and hence there exists for

. 1.2...q N 23...4'(¢+1)
P+1)...(0+¢+1)  @+2)..0+¢+Dp+p +q+3)
N 34...¢(q+1)(qg+2)
P +3)... (W +d+ D)+ +q+3)p+p +q+4)
45...¢'(¢+1)...(¢+3)
P+4)...(0+¢+)p+p +q+3)...(p+p +q+5)

n (¢ =2)(¢d -1)d(g+1)...(g+¢ —3)

P+qd-2)...0+¢+)p+p +q+3)...(p+0 +q+q¢ - 1)
(¢ -1d(g+1)...(g+4¢ —2)

+d-1)...0+¢+)p+p +q+3)...(p+p +q+¢)

N d(g+1)...(¢+d -1
W+q)...(0+d +Dp+p +q+3)...(p+p +q+q +1)

n (g+1)...(¢+q)
(P +qd+)(p+p +q+3)...(p+p +q+q +2)

(g+1)...(¢+q) 1 ¢ (+p+q+q+2)
(p+p’+q+3)---(p+p’+q+q’+2)(p’+q’+1 qg+qd (P +q¢+1)P +q)

q(q 1) (p+p +a+d +2)p+p +q+4 +1)

(¢+d)g+d -1 @+d+)P+)W +¢ —1)

¢ —-1)(d -2 (p+p+q+d +2)...(p+p +q+4)

(¢+d)a+d -D(g+qd—-2) @W+d+)P+q)...(0 +¢ —2)

¢ =1)...(¢=3)(p+p +q+q¢ +2)...(p+p0 +q+¢ - 1)

(¢+d)g+4q —3) (+d+1)...(0"+q —3)
N ¢...1 (p+p +q+qd+2)...(p+p +q+3)
(¢+d)g+1) P +qd+1)...(p+1)
(by employing the first for approximation)

(¢g+1)...(¢+ ")

(p+p +q+3)...(p+0 +q+q +2)

< 1 ¢ (p+p +q+4)

P+qd  qtq 0 +)P+4d)

q/2 (p+p/+q+q/)2 etc)
@+ +d)P +4q)?

(g+1)...(¢g+¢") 1 B
/ 3) .. / '+ 1 _ gt tatd)
(p+p +g+3) (p+P +a+d +1) (p + ¢) - ¢ F2E
(¢g+1)...(g+¢) (¢+4q)

(p+p+q+3)...p+0 +q+¢ +2)pq—p¢"
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By multiplying by
1.2...¢q

(p+p +2)...p+p +q+2)

the complete integral will appear, =

(p+p/+2)(p—|—p’+q_|_q/+2)p,q_pq/
V2r(p + p’)p+P'+% (g + q/)q+q’+%
(plq - pql)(p +p' +q+ q/)P+p’+q+q/+% .

If it be necessary to progress further, let for the sake of brevity,
a=@p+4d+1), B=d, v=d+q d=p+p+a+d+2

whence it will produce the series

1B BB-n_ s6-1)

o« " yale—1) 57— ala-1a-2)

LBB-DE-2) S6-16E-2)

70— 17— 2) ala — D)(a - 2){a - 3)
BB-1(E-2(B-3)5G-DE-2(6-3)
10— D0 - 20— 3)ala - Dia —2)(a - 3)(a— 1)

1 55(1 1 1>
— i (=t S5+
a vyal\la « «a
B J 11 7
R L
LB 8 1 3 7
;(BB 36 +2)=(30 - 35+2( ><VZ+73+74>
B 2 1 2 1 10 65 B
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l+ﬁ 6252 5353 6454

a a2,y a3,)/2 a473 a5'y4
_ o — 252 _ _

55(5+5 7) , BOBG+30—a—3y)  F6*(65+60 30— 6v)

etc.

ad~2 aly3 s
353 — 6o —
n B26°(105 + 100 — 6 — 107) etc.>
ab~5
Bo(ay+~%) BB+ ) (a+38)  B6(282 + 985 + 26%)
+ 4~3 - 43 + 4~3
ary ary ary
B25%(a® + 3ay +Tv%)  3B%6%(B + )(3a + 67)
+ adyt - adyt
B26%(11/3% + 3636 + 116%)
+ adyt
353(7 2 2 353
B26%(Ta® + 18ary + 25v%)  65°0°(8 + 9)(6c + 10+)
+ ab~5 B ab~5
B363(3582 + 10036 + 3552)
+ ab~B
B64(25a2 + 60y + 6542)  108454(B + 8)(10a + 157)
+ a7~6 o aT~6
454 2 2
n 46 (856% + 22580 + 856°) et
A6

The sum of the first series is =

1 gl 7 +4q

a—2 ay=B5  po-pd+atq’

The other series has taken this form

- ( 1 386 68262 108363 etc') 55 (5+5 1 55) _

a3 oty T b2 abn3 2 N
pé 2 1 BO(B+08)y —Bo —9°
- — 0)y — B — = - f =
N [(B+68)y—B6—~ ]<a65)3 (ay — B6)3
B

_dptp +a+d +2)(p+p +2)q
(Wq—pd +q+4q)° '
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The third series has taken this form
Bd (72 N Bé(a? + 3ary + 79?) N B262(Ta? + 18ary + 25v?)

3 \ad abry 62
353 (9502 2
n B%6% (25 +76(;oz'y+65'y ) etc.)
a’y

BS(B+06) [a+3y  3B3a+6y) 6325%(6a+ 10v)

- +
~3 ! by 62

103363(1 1

. 083§ (700;4— 5v) etc.)
a’y

86 (282 + 986 +282  B6(1182 + 3686 + 116%)
+= +

43 s by

5262(356% + 10088 + 3562)  B363(855% + 22588 + 856%)
+ 062 + 072 etc.

This series is able to be resolved in the following manner,

6252a2<1 765 25B8%5%  65B836°  140p%6*  2668°5° c>

4 o " aby a2 adq3 ad~4 105
However of the numbers
1 7 25 65 140 266
6 18 40 75 126
12 22 35 51
10 13 16

3 3

the fourth differences are constants, therefore by employing the method exposed in the
§ above, the denominator of the generating fraction of the series will be

-6
_ B3 1 5348 158252 35B383
= (a 7) = o5 +a6,y + QT2 + a3
BBs
1 —‘,-T‘,y
T 556 55375 355°5°
) +a6,y + T2 + 73

+B +5B +158

I have multiplied this series by 1 + Ii—ﬁ‘s, (hence B being constant term) and by com-

paring terms it produces B + 5 = 7, therefore B = 2, and thus it satisfies the other
conditions. Therefore there exists a part of the series=

a? 3262 (04 + %) _ aB?8(ay + 269)
o (a_@)s (ay—Bé)P

Y

The sequence of members is

303262 (1 680 208%6%  508°° 1058161 1968%0° t)
73 4 :

ob | aby T aT4? aB~? a9y al0y5
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However of the numbers

1 6 20 50 105 196
) 14 30 95 91
9 16 25 36
7 9 11
2 2

the fourth differences are constants, likewise therefore I enjoy by the method

1 588 153252 358352

ab +%"y +of737’yz + ozg'y-?’ ete.
Bj§

1 + o

1 585 153252 358°6°

F +8 +2F 4300 e

+B +5B +158

it produces B = 1, therefore this member is =

7 (a_ @)5 (ay — 45)°

~

30,3252 (f”%) _ 38%0%y(ay + B9)

The sequence of members is
0 (1 §  253%52 343 53 284
afb (1 . TB6  25p%0°  655°6° | N _ Bov(ay +258)
v \a®  aby o aTy? o aBy? (ay — Bé)°
The sequence of members is

2 252 353 4 54
a?B5(B +4) <1+ 986 | 365°0° | 1005%°  2255%5 etc')

3 o " aby a2 aBy3 a9~
However of the numbers
1 9 36 100 225 441 784
8 27 64 125 216 343
19 37 61 91 123
6 6 6 6

the fourth differences are constants, likewise I enjoy by the method

252 353
| 586 155757 | 358°0

w5 tos o ks etc.
Bjs CcB26?
1 +T’y + a2~?
S 252 353
% + % + 12572 + 354?73 etc.
+B +5B +15B
+C +5C

it produces B = 4, C' = 1, therefore this member becomes =

—a88(8+5) (L5 + 55)  —85(8 + 8) (%12 + 4ayi + 5°)
7 (- @)5 (ay = po)°

5
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The sequence of members is

_?’aﬂi(f"_é) (1 + @ + 20577 + 505%5° etc.)

b | aby T aT? aBy3

—3af6(8 +9) (O‘ + g) _ —3By%0(8 + 0)(ay + B9)

2 (a _ @)5 (ay — Bo)°

The sequence of members is

3 11 359252 853353
2a66<1+ 5 B0 5 30 2,85%:)

~ ab ' aby a2 ady3

However of the numbers 2, 11, 35, 85 etc. the fourth differences are constants, like-
wise I enjoy by the method,

1 ) 153262 363
1585 150 356%0°
ab 046’)/ 04772 048’)/3

B
. Bps

ary

K 1 252 353
1885 1570 356°0°
ab O46,), 047’72 048’)/3
+ B + 5B + 15B

it produces B = %, therefore it happens this member =

20836 (O‘ + %) B B3y6(2ary + B9)
3 (a_ @)5 (v =By

~

The sequence of members is

2 252 1008383
a?Bé (1 95(5+3656 N 00335 etc.)

2 \a? " aby T a2 b3
486 3252
a2B68 (a + oy + 704272) _ 6’75(042'7’2 +4Oé,8’75+5252>
7 (a_ @)5 (ay — B9)°
¥

The last member is

2086 (1 Llps  32p%s? <) -
e a5 " aby a’y? cte. | =
85
a2pst (0 2) g0y + 89)
2 (af @)5 — (ay = Bo)

Y
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The sum of these values, [by supposing for the sake of brevity
T = (aBd +7°)(ay +260) + (3676 — Bv* — 7*8)(ary + 0)
— (848 —)(a®y? +4aByd + 520%) + (B2 +10%) (ay + S0)]

is = (Mﬁfig&)s. The integral of the numerator will be therefore =

Y <1 BBy +48 = 86 —7) N BoT etc)
ay — 6 v(ay — B6)? Y(ay—po)t =

Likewise it will be permitted to proceed by the method of another. This series,
which is similar to the series which the Celebrated Laplace reports, requires many
considerations, which here, lest this dissertation be longer, I am forced to omit; it is
sufficient here to indicate the method. Still other worthy examples to note may be
given which, please God, I will develop in a following dissertation.
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