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Memoir on probability in the game of rencontre,*
dedicated

to the masters of the College of Werder, his old colleagues,

G. Michaelis'
1846

Although the problem known under the name of the game has already occupied
some of the most distinguished mathematicians, it has not yet been considered in the
generality in which we are going to treat it in this small memoir.

Problem. We imagine in an urn o« + 8 + v + -+ + v = o balls of which
a, B,7, ...k, \...v are marked resp. with the numbers 1,2, 3, ...r,r + 1...n.
We draw them successively and we ask, what is the probability, that up to drawing r at
least p encounters will have taken place, that is that one will draw at least p times a
ball marked with the rank of its drawing.

Solution. By putting o!3!...v! = 7, all the balls permit %‘ arrangements which
constitute the equally possible cases. We name generally 2, , the number of cases in
which the game is ended at drawing r, and Z,. , the number of cases in which it is
ended up to drawing r.

I. For p = 1 we have 21 1 = @
because 21 is the number of the arrangements of o — 1 elements of which resp. o —1,
B,y ... are of the same kind.

Likewise no. 2 exits at its rank in cases from which it is necessary to
subtract the number of cases in which the two first numbers exit at their rank, that is
M. Therefore we will have

B(oc—1)!

2oy = g[(a — 1)l —a(o —2)]

Z211 =Zz1,1 +ZQ’1 = %[(0[4-6)(0' — 1)' - Ckﬂ(CT — 2)']

No. 3 exits at its rank in 7(0;1)! cases from which it is necessary to subtract those
in which the game is already ended up to the second drawing, that is X [(a + 3)(0 —
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2)! — af(c — 3)!] whence

z31=—[(c =)= (a+B)(c —2)! + af(o — 3)]]

N
|

[(a+B8+7)(c =)= (af+ay+ Bv)(c—2)! + aby(c — 3)].

)

A~

By continuing thus we find easily the formulas
Zra = (0= 1) = Ay(0 — 2!+ As(c —3)! ... £ Ay (0 — 1)
7r

Zoy = %[31@ 1)1 By(0—2)! 4+ Ba(o = 3)\...+ By(o — )],

where A, As, As, ... designating the sums of the combinations of the 1st, 2nd, 3rd. ..
class formed from the elements «, 3,y ... which precede k, and By, Bs, Bs... the
sums of the analogous combinations formed from the elements «, 3,7 . . . k.

II. For p = 2 we have first evidently

a6(0—2)!.

22,2 =
s

In order that the game be ended by the third drawing it is necessary that in this drawing
there exits a ball marked with no. 3 and that up to the second drawing there has been
at least one encounter, but not yet two. Therefore

z30 = %[(a +B)(oc —2)! —af(c —3)!] — M
= Z{(a+B)(o —2)! - 2aB(c — 3))
Zsa = ~l(f + v+ 7)o — 2)! — 2aBy(o — )]

In order to find likewise z4 » there are

0
—lla+B+7)(0 =2 = (ab+ay + By)(0 = 3)! + afy(o — 4)]
cases in which no. 4 exits at its rank, while up to the 3rd drawing there has already

been at least one encounter. By subtracting those in which two encounters have already
taken place, that is

i (@B +ay + By)(0 = 3)! = 2aBv(0 — 4)]]

™
there comes
Zyo = %[(a +B4+v) (o —2)! =2(af + ay + By)(c — 3)! 4+ 3afy(c — 4)]]

Zyo = %[(aﬁ +ay+ad+ By + I+ v0) (o —2)! — 2(afy + afBd + ayd + fv6) (o — 3)! + aBvyd(c — )]



and generally

22 = = [Ai(0 = 2)! = 242(0 = 3)! + 343 (0 — D)L .. & (r = DAra(0 1)
Zyo = %[Bg(a —2)! = 2B3(6c = 3)! 4+ 3By(c —4)! ... £ (r — 1)B,(0 — 1r)!]

III When ,0 e 3’ we have 23,3 — M

s
In order that the 4th drawing end the game it is necessary that among the cases in
which no. 4 exits at its rank, there has already been up to the 3rd drawing at least two
encounters, but not yet three, whence,

245 = 2{(0B+ @y + 8)(0 — 3)!  208y(0 — 4)] ~ ~api(o — 4)!

= 2{(aB + e+ B)(o — 3)! ~ Bai(o — 4]

1
Zy3 = ;[(a,@’y + afd + ayd + Byd) (o — 3)! — 3af~yi(c — 4)]
Among the cases relative to the hypothesis that no. 5 exits at its rank, there are
;[(aﬂ+a7+a5+ﬁ”y+6(5+’y§)(0—3)!—2(a6’y+~ -+ Bv0) (0 —4)+3afv0(c—5)!]

in which up to the 4th drawing at least two encounters have taken place. By subtracting

%[(aﬁ’y +aBs + ayd + B0) (o — 4)! — 3a85(0 — 5))]
we have
250 = —l(@f + a7+ ad + By + 55 +70)(0 —3)! = B(aBy + -+ 579)(0 — 4)! + 6apd(o —5)1
Zs3 = %[(aﬁv +afd+ - +eyd)(o —3)! = 3(apyd + afye+ - + Byde)(o — 4)! + 6afyde(o —5)!]

and therefore in order
s = 2 [Ag(0 — 3)! — 35A3(0 — D) + 4y Ag(0 = 5) ... £ (r — 1)aAr_1 (0 —1)]
T

Ty = %[Bg(a 3)1 = 3yBu(0 — 4)! + 49 Bs(0 — 5)!... + (r — 1)s B, (o — 7)1,

where 35 = 3—22, 4y = 4—;’ etc.
By applying always the same principles, there comes finally

Zrp = S[Apfl(g =P = pp1Aploc—p =D+ (p+ 1) 14pa(c—p=2)1... £ (r—1)p14,_1(c — 1)

1
Zrp = ;[‘BP(O— =)= pp1Bpri(c —p =D+ (p+1)p-1Bpya(o —p=2)l... £ (r = 1)1 B (0 —1)!]

In order to find these formulas, we suppose, that they are verified for the values
1,2,3,...rand 1, 2, 3,...p of r and of p and we demonstrate, that they subsist yet,
if we increase 7 or p by unity.



We seek z,41,,. Among the cases in which r + 1 exits at its rank, the number of
those in which there are at least p — 1 encounters up to drawing 7, is

A
2 Bpr(0=p)=(p=1)paBp(0—p=)4pp-2Bpir (0=p=2)!. £(r=1)y-2Brlo—r=1)}]

It is necessary to subtract from this number the cases in which there are less than p
encounters, that is

%[BP(U —p—)—pp_1Bppi(c—p—=2)... £ (r—1)p-1Br(c —r—1)!],

whence
A | | | |
Zri1,p :;[Bl,_l(a —p) = pp1Bylo—p—1)+(p+1)—1Bpjri(c —p—2)... 1,1 B(0c —r—1)]]
1
Zri1,p :;[(Bp + )‘Bp—l)(a —p)! — Pp—l(Bp-H + AB/))(U —p—1)]

+(p+1)—1(Bpy2 + ABpr1)(c —p—2) ... £, 1B, (0 —r —1)!]
1
:;[Cp(a — ) = pp-1Cpii(c—p—1)+(p+1))-1Cpi2(c —p=2)! ... £ 7, 1Cri1(0c — 1 —1)]]

where C,, Cpy1 ... designate the sums of the combinations of the classes p, p+1...
formed from the elements «, 5. .. Kk, A.

It follows, whatever be the value of p in the two formulas, the value of r can be
increased by unity.

We prove now, that we can make p vary by unity. Let &, 1, 6 be the numbers of
balls marked with the nos. p, p + 1, p + 2, we will have evidently

1
Zp+1,p+1 = ;aﬁ’)’ o.on(oc—p—1)!

In order that p + 1 encounters taken place up to drawing p + 2 and that the game be
ended by this drawing, it is necessary to seek among the cases in which p + 2 exits at
its rank, those in which up to drawing p + 1 at least p encounters have taken place. We
obtain
0 ! !
;[(aﬂ...f—f—-'--I-B’y...n)(a—p—l). —pafy...nlc—p—2)|
By subtracting the 237 ...n6(c — p—2)! in which up to the (p + 1)th drawing p+ 1
encounters have taken place, we will have

[(@B...6++By..n)(c—p—1!=(p+1)afy...n(c —p—2)|]

0
Zp+2,p+1 = —
p+2,0+ T

Zp2,p+1 = Zpt2,p41 T Zpt1pt1 = —[(@B...n+ -+ By...nf) (o —p— D! = (p+1)aB...0(0 — p—2)I],

1
m

this which proves the proposition for all the possible cases.



We name v, , and V;. , the probabilities that the game be ended by the drawing r or
up to this drawing, we obtain by dividing by the number of all the possible cases

_ Ap—1 Pp—14p (p+1)p-14,41 (r=1)p-14r21
/U’!',/)_KJ — + ...:I:—
olc—-1)---(c—p=1) o (oc—p) oc--(c—p—1) o (c—r+1)
V. — B, _ Pp—1Bp+1 (P+1)p—1BP+2 et (r— l)p—lBT
" g(o—p+1) o--(c—p) o---(c—p—1) o (c—r+1)

The probability that up to drawing r there will be exactly p encounters, is evidently
expressed by the formula

B 1),B 2),B B,
Upp = Vi py—Vypi1 = P (pt 1), P+l (p+2),Bpi2 ot T
o (c—p+1) o---(oc—p) o (c—p—-1) - (c—r+1)

Problem. We imagine a number i of urns each containing o balls marked exactly
as in the preceding problem, and we draw one ball from each urn and thus in sequence.
What is the probability that up to drawing r there exits at least one time from each urn
one ball marked at the rank of the drawing?

Solution: As the balls of each urn permit %’ arrangements, the total number of

equally possible cases is evidently (";’)Z
The number of cases in which the game is already finished by the first drawing, is

i
likewise 2} = (=1

i
No. 2 exits from all the urns at its rank in (@) cases from which it is necessary

to subtract the (M) cases in which the game is ended at the first drawing.
Therefore

2z = <6>z (0 — 1)1 — a'(0 — 2)]

7= (i) (0" + B)(0 — 1Y — aifi(o — 2]

i
No. 3 exits from all the urns at its rank in @) cases. By subtracting those in

which the game is already ended at the second drawing, there comes

4= (%) [(0 = 1) = (a' + B) (0 = 2)! + &' By (0 — 3)!"]

2= (1) 0"+ 5400 = 1)1 = (@18 + 'y + 54)(0 — D) + '~ 3]
et thus in order generally

= (%) [(0 = 1)l = Al (0 —2)V + AY(o —3)1 -+ AL_ (o —1)!']

Zl = (i) [Bi(o —1)I' = By(o — 2)I" + B{(o = 3)!" - -+ £ BL.(o — 1)!"]

6



where B{, B}, By ... designate the sums of the combinations of the 1, 2, 3 ... classes
formed by the elements o, 3¢ ... x*,and A}, Al, A% ...the analogous combinations
in which x’ does not enter.

The corresponding probabilities will be therefore

r_ i A1 Ay ALy
v, =K | = — — -+ — : R -
" ot oi(lc—1) oo —1)i(oc—2) ot (o—r+1)
BB B B
"ot oi(oc—1) oo —1)(o—2)! ot (o —r+1)
We will consider now some special cases. Put « = 8 = v--- = m, we will have
immediately
A (r— 1)p—1mp _ pp—l(r - 1)pmp+l (p+ 1),,_1(7“ - 1)p+1mp+2 et (r— 1)0—1mr
P g (o—p+1) o (oc—p) o (c—p-—1) o (c—r+1)
U ) = rpom” _ (p+1)prpam?™ (p+2),rpr2m?+? rpm” -
" g (o—p+ 1) o (0 —p) o (c—p—1) o (lo—r+1) p "
v.o_ rpme B Pp—1Tpr1mPTE (p+1),_17,poamP T2 o (r—1),_1m”
" (o —pt1) o (o —p) o (c—p—1) g (c—r+1)
The last formula can be put under the form
N S S S T
Yoo (o—p+1) (p+1)(e—p)  2Up+2)(c—p)lo—p—1)

By putting again r = n, we obtain formula (C) of Laplace, Théorie analytic des proba-
bilités, 3 edit., Paris 1820, pag. 222, assuming that our letters are replaced by those of
Laplace.

Under the same assumption we will have

2

v=(2) -e-v ((T(;”_l))iw_m (m)i(a(;nw)

For m = 1, r = n there comes

5= () w ) Gemen) )

this which agrees with the formula pag. 225 of the théorie analytique.
The preceding expressions transform themselves easily into integrals.
By applying the formula i! = fo e~ *x'dx, we have
mP [ o o p
Ur,p = o / € ((T —1)p-12777 = ppoi(r — 1) p,ma”" !
- Jo

+ (p+ D) pi(r —1)ppimPa P72k (r = 1) ,mym” P27 ") da

mP [
=(r—1)p-1— / e a7 (@ —m)" " Pdu;
0



oo
- - —p—1 2 o—p—2
Vip = 7/ e’ (rpac" P —pp1rprima® 0+ (p+ 1), 17 ppam z "
0

sk (r = 1)mm" P2 ") da

o0 —
_m (r—1)p—1 / e " (ﬂfr S Lmar=r=1 + r=rl mix" TP
0

=—7 .
ol P p+1 p+2

1
sk mT_p) dx,

r

whence by aide of the formula % = fol 2"z,

mp o0 1
Vep=1r(r— 1),),1—'/ e_g”xa_r/ (azT—pz”_l — (r— p)yma" P71 2P
al Jo 0

+ (1 — p)amPa" PPt P ) dzda

mP 00 1
=7(r—1)p-1— O B € 7 F) W P
For p = 1, we have
m  (r—1)m? (r—1)om? m”"
U’!‘ —_ — N
1T olc—=1)  o(oc—1)(c—2) o (c—r+1)
= g /0 e Tx% " (x —m) " tdx
2 3 r
rm rom r3m m
Vi = — et _
1T 0(0—1)+0(a—1)(0—2) o (c—r+1)
e} 1
= @/ e_”x”_r/ (x —mz)" "' dzdx
U! 0 0
1 (e.¢]
= ; e Pz (2" — (x —m)") dx
1 />~
=1-—= e “x? "(x —m) dx
al' Jo

a result which contains formula (B) of the théorie analytique pag. 220.

Vo1 (n—1)m (n—1)(n—2)m? mn1
LT 90 —1) ' 3o —1)(o —2) nlc—1)---(c—n+1)
The probability that up to drawing r no encounter takes place, will be consequently
2 r o]
rm rom m 1 e o
1—- — . _ X, .o—T o r dz.
o Jr0(0—1) :Fa~--(a—7“+1) U!/O e e (@ —m)" dv

In particular, if m = 1, we have

1 —1 -1 1 1 i
ey = = — r + (7' )2 S _ 7/ efa:l_nfr(l, o l)rfl dr
T n o nn-=1) nnh-1)Mn-2) n--(m—r—+1) nlJ
1 [ __ r T9 r3 1
Vii=1-—— ST — 1) dp = L — N S
mi al Jo A C ) dz n n(n—1)+n(n—1)(n—2) n---(n—r+1)



If again r = n, there comes finally

1 1 1 L[
=41l —14+ = —- == Tz —-1)""1d
Ur,1 n{ +2! +(n1)!} n!/o e “(z ) T
1 (=" [t
:7_( )/e‘”ac"_ldx
ne en! Jo
1 1 1 1 * —z n
Vn,1: _54'_?_:&5: _ﬁ ; € (;C—l) dx
1 N
-1 77( ) /e””:z:"dm
e en! Jo

For some increasing values of the whole number n the last terms of these two formulas
approach rapidly the limit 0 because

1 1
/ e’z dr =e — n/ e?z" 1dris < 1,each time where n > 1.
0 0

Berlin, March 1846.



