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We determine the length of a great arc, on the surface of the Earth, by a chain
of triangles which are supported on a base measured with exactitude. But, whatever
precision that we bring into the measure of the angles, their inevitable errors can, by ac-
cumulating, deviate sensibly from the truth the value of the arc that we have concluded
from a great number of triangles. We know therefore only imperfectly this value, if we
are not able to assign the probability that its error is comprehended within some given
limits. The desire to extend the application of the Calculus of Probabilities to natural
Philosophy has made me seek the formulas proper to this object.

This application consists in deducing from the observations the most probable re-
sults and to determine the probability of the errors of which they are always suscep-
tible. When, these results being known very nearly, we wish to correct them from a
great number of observations, the problem is reduced to determine the probability of
one or many linear functions of the partial errors of the observations, the law of prob-
ability of these errors being supposed known. I have given, in Book II of my Théorie
analytique des Probabilités, a method and some general formulas for this object, and I
have applied them, in the first Supplement, to some interesting points of the System of
the world. In questions of Astronomy, each observation furnishes, in order to correct
the elements, an equation of condition: when these equations are very manifold, my
formulas give, at the same time, the most advantageous corrections and the probability
that the errors, after these corrections, will be contained within some assigned limits,
whatever be moreover the law of probability of the errors of each observation. It is so
much the more necessary to be rendered independent of this law, as the simplest laws
are always infinitely less probable, seeing the infinite number of those which are able
to exist in nature. But the unknown law which the observations of which we make use
follow introduces into the formulas an indeterminate which would permit not at all to
reduce them in numbers, if we did not succeed to eliminate it. This is that which I have
done, by means of the sum of the squares of the remainders, when we have substituted,
into each equation of condition, the most probable corrections. The geodesic questions
offering not at all similar equations, it was necessary to seek another means to eliminate
from the formulas of probability the indeterminate dependent on the law of probability

*Translated by Richard J. Pulskamp, Department of Mathematics & Computer Science, Xavier Univer-
sity, Cincinnati, OH. January 8, 2014

[531]

[532]



of the errors of each partial observation. The quantity by which the sum of the angles
of each observed triangle surpasses two right angles plus the spherical excess has fur-
nished me this means, and I have replaced by the sum of the squares of these quantities
the sum of the squares of the remainders of the equations of condition. Thence, we are
able to determine numerically the probability that the final result of a long sequence
of geodesic operations does not exceed a given quantity. By applying these formulas
to the measure of a perpendicular to the meridian, they will make estimate the errors,
not only of the total arc, but also of the difference in longitude of its extreme points,
concluded from the chain of triangles which unite them and from the azimuths of the
first and of the last side of this chain. If we diminish, as much as it is possible, the
number of triangles and if we give a great precision to the measure of their angles, two
advantages that the use of the repetitive circle and of the reflectors procure, this way to
have the difference in longitude of the extreme points of the perpendicular will be one
of the better of which we are able to make use.

In order to be assured of the exactitude of a great arc which is supported on a base
measured toward one of its extremities, we measure a second base toward the other
extremity, and we conclude from one of these bases the length of the other. If the length
thus calculated deviates very little from observation, there is everywhere to believe that
the chain of triangles is quite nearly exact, just as the value of the great arc which results
from it. We correct next this value, by modifying the angles of the triangles, in a manner
that the bases calculated accord themselves with the measured bases, that which is able
to be made in an infinity of ways. Those that we have until the present employed are
based on some vague and uncertain considerations. The methods exposed in Book II
lead to some very simple formulas, in order to have directly the correction of the total
arc which results from the measures of many bases. These measures have not only the
advantage to correct the arc, but further to increase that which I have named the weight
of a result, that is to render the probability of its errors more rapidly decreasing, so that
the same errors become less probable with the multiplicity of the bases. I expose here
the laws of probability of the errors that the addition of new bases give birth to. The
measure of a second base serves similarly to correct the difference in longitude from
the extreme points of a perpendicular to the meridian and to increase the weight of the
value of this difference.

After we brought, in the observations and in the calculations, the exactitude that
we require now, we considered the sides of the geodesic triangles as rectilinear, and we
supposed the sum of their angles equal to two right angles. Legendre has remarked first
that the two errors that we commit thus compensate themselves mutually, that is that by
subtracting from each angle of a triangle the third of the spherical excess, we are able
to neglect the curvature of its sides and to regard them as rectilinear. But the excess
of the three observed angles over two right angles is composed of the spherical excess
and the sum of the errors of the measure of each of the angles. The analysis of the
probabilities shows that we must yet subtract from each angle the third of this sum, in
order to have the law of probability of the errors of the results most rapidly decreasing.
Thus, by the equal apportionment of the error of the sum observed of the three angles of
the triangle considered as rectilinear, we correct at the same time the spherical excess
and the errors of the observations. The weight of the angles thus corrected increases,
so that the same errors become, by this correction, less probable. There is therefore
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advantage to observe the three angles of each triangle, and to correct them as we have
just said. Simple good sense makes to have a presentiment of this advantage; but the
Calculus of probabilities is able alone to estimate and to show that, by this correction,
it becomes the greatest that it is possible.

The formulas of which I just spoke are related to some future observations: thus,
when we apply them to some past observations, we set aside all the data that the com-
parison of these observations are able to furnish out of the errors, data of which we
are able to make use when we know the law of probability of the errors of the partial
observations. If this law is expressed by a constant less than unity, of which the expo-
nent is the square of the error, then my formulas agree to the past observations as to
the future observations, and they satisfy to all the data of these observations, as I have
shown in § 25 of Book II. In the case where the angles are measured by means of a
repeating circle, each simple angle is the mean result of a great number of measures of
the same angle contained in the total arc observed; the error of the angle is therefore
the mean of the errors of all these measures; and, by § 18 of Book II, the probability of
this error is expressed by a constant, of which the exponent is equal to the square of the
error. The employment of the repeating circle unites therefore to the benefit of giving
a precise measure of the angles the one to establish a law of probability of the errors
which satisfies all the data of the observations.

In order to apply with success the formulas of probability to the geodesic obser-
vations, it is necessary to return faithfully all those that we would admit if they were
isolated, and to reject none of them by the sole consideration that it extended a little
from the others. Each angle must be uniquely determined by its measures, without
regard to the two other angles of the triangle in which it belongs; otherwise, the error
of the sum of the three angles would not be the simple result of the observations, as
the formulas of probability supposes it. This remark seems to me important, in order
to disentangle the truth in the middle from the slight uncertainties that the observations
present.

§ 1. Let us conceive, on a sphere, an arc of great circle A, A’, A”, ...and sup-
pose that we have formed about the chain of triangles ACC’, CC'C”, C'C"C",
c"c"ow, ..., of which the sides CC’, C'C", C"C", ...cut this arc at A, A",
A", ...Tdo not give at all the figure, because it is easy to trace it according to these in-
dications. Let A be the angle C AA’, A1) the angle C” A’ A", A?) the angle C"" A" A",
... Let further C be the angle ACC’, C(!) the angle CC'C", C®) the angle C'C"C"",
... We will have

A+ AV L C—a=m+t,

« being the error of the observed angle C, t being the excess of the angles of the spher-
ical triangle AC' A’ over 7 which expresses two right angles or the semi-circumference
of which the radius is unity. We will have similarly

AD 4 A@ L o g = 54y

oM being the error of the observed angle CC’C", and t(!) being the excess of the
angles of the spherical triangle A’C” A” over two right angles. We will form similarly
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the equations
A(2) + A(3) + 0(2) _ Oé(2) =74+ t(2)’

A®) 4 A@ £ 0B 08) = x4 y®)

whence we deduce easily

AC) — A0 —cW 0@ B ... y0i=2) _¢(2i-1)

— +a(1) _a(2) +a(3) — e _a(2i72) +a(2i71)
—t +t(M) @ B o (22 4 (2i1)
AR — A0 10 0@ oG ... —(2i-2)

+a —a® 4a@ _oB) £... 4422
1t ) @) ) . q2i-2),

by supposing therefore A well known, the error of the angle A(™) is
21 _ (=) 4 o= _ 4

the superior sign having place if n is odd, and the inferior sign having place if n is even.
The values of ¢, (1), ... are quite small and are able to be determined with precision.
The concern is now to have the probability that this error will be comprehended
within given limits. For this, I will suppose first that the probability of any error « is
proportional to c~he’ ¢ being the number of which the hyperbolic logarithm is unity.
This supposition, the most natural and the most simple of all, results from the use of the
repeating circle in the measure of the angles of the triangles. In fact, let us name ¢(q)
the probability of an error ¢ in the measure of a simple angle, this probability being
supposed the same for the positive and for the negative errors. Let us suppose further
that s is the number of simple angles contained in all the series that we have made in
order to determine this angle. The probability that the error of the mean result or of the
angle concluded from these series will be +—=, by § 18 of Book I, proportional to

_ kr2
c” 2k

k being equal to f dq ¢(q), the integral being taken from ¢ null to g equal to its greatest
value, that we are always able to suppose infinite; by making ¢(q) discontinuous and
null beyond the limit of ¢, k” is equal to | ¢>dq ¢(g). By supposing therefore

ks

T:O[\/g, h:ﬁv

¢=ho” will be the probability of the error c. We will see, at the end of this article, that
the following results always hold, whatever be the probability of a.

Let 8 and y be the errors of the two angles AC'C and C AC” of the first triangle
ACC"; the probability of the three errors «, 3 and ~ will be proportional to

—ho?—hB%2—hy?.
c v
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but the observation of these angles give the sum « + 5 +  of the three errors; because
the sum of the three angles must be equal to two right angles plus the surface of the
triangle AC'C’, if we name T the excess of the three angles observed on this quantity,
we will have

a+B+y=T;

the preceding exponential becomes thus

072h(ﬂ+%a7%T)27%(aféT)27%T2’
B being susceptible to all the values from —oo to oo; it is necessary to multiply this
exponential by df and take the integral within these limits, that which gives an integral
which has for factor

2 2
R Rt
b

the probability of « is therefore proportional to this factor. The value of o most prob-
able is evidently that which renders null the quantity o — %T; it is necessary therefore
to correct the three angles of each triangle by the third of the excess 1" of their sum
observed over two right angles plus the spherical excess. This is that which we do
commonly.

Let us name & and J the quantities v — +7" and 8 — §T'; the probability of & will
be proportional therefore to

Cfgha2

If we diminish the angle C by %T, that is if we employ the corrected angles of each
triangle, by naming C, C"), ... that which the angles C, C(!), ... become, by these
corrections, we will have

A(2i) :A+C‘fé(1)+é(2) f...75£+5[(1) ,5[(2)+...7t+t(1) ..
A=Y A+ CW o ra—a® 4ot 4
The probability that the quantity
d(n—l) — @("—2) — ..+ a
or the error of the angle A™) will be comprehended within the limits +r+/n, will be,
by § 18 cited,
3
24/ 5h
LS
We are able to observe here the advantage that the observation of the three angles of

each triangle produces, by the correction of these angles. Without this correction, the
error of the angle A(™ would be

dr ¢ 3h

Q=1 _ o2 _ 4

and the probability that this error is comprehended within the limits +7+/n would be

—2\/5 / dr c_’"2 .
T
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a probability less than the preceding in which the weight of the result is %h, instead as
it is here h.

Let us determine now the value of h. Among the data of the observations, the
quantities by which the sums of the angles of each triangle surpass two right angles
plus the spherical excess appear to be the most proper to make known this value. By
that which precedes, the probability of the simultaneous existence of & and of T is
proportional to

_hp2_3hg2
c sl A,

By multiplying this exponential by da, and taking the integral from & = —oco to & =
00, the integral will have for factor ¢~ 57", and this factor will be proportional to the

probability of T; this probability will be therefore

dTc5T°
[dr 3T

the integral of the denominator being taken from 7" = —oo to T = oo. It will be thus
proportional to

1
gh _ET2
c 3

i
Here the observed event is that the sum of the angles of the first triangle, of the second,
of the third, etc. surpass two right angles plus the spherical excess, respectively, by the
quantities 7, T, ..., T("=1) n being the number of triangles; the probability of this
event will be therefore proportional to

lh 5

L hp2

3 030’
™

92 :T2+T(1)2+"'+T(n_1)2.

Now, if we consider the diverse values of h as causes of the observed event, the proba-
bility of h will be, by the principle of the probability of the causes drawn from observed
events, equal to

by making

hsdhc 59
[hEdhc30%
the integral of the denominator being taken for all the values of &, that is from h = 0

to h = oo. The value of h that it is necessary to choose is evidently the integral of the
products of the values of h multiplied by their probabilities; this value is therefore
[h"= dhc 57
[h3dhe 50

the integrals being taken from h = 0 to h = oco. The integral of the numerator is equal

to 3( 2)
n -+ z 7%02
o /h dh 50,

6
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The preceding fraction becomes thus 3(;1;22) ; this is therefore the value of h that it is
necessary to adopt. If we suppose n a great number, this value become very nearly

23%. This quantity is the value of h which renders the observed event most probable,

the probability of this event, a priori, being proportional to h 2 5o, By taking for h
the quantity 292 , the probability that the error of the angle A will be comprehended
within the limits £+7/n is

3\/> % nr?

o /r o

the probability that it will be comprehended within the limits :I:%Gr’ is therefore

2 [dr'e -
ﬁ b

the integral being taken from ' null.

§ 2. Let us suppose the arc AA’A” ... perpendicular to the meridian of the point A.
Let ¢ be the angle formed by this meridian and by the one of the extreme point A("),
and V the smallest of the angles that this last meridian makes with the arc AA’. . .; we
will have

[ being the latitude of point A. By designating therefore by d¢ and 6V the errors of the
angles ¢ and V', we will have

oV sinV
sinlcos¢’

b=~

If we have measured with a great exactitude the angle that the last side of the chain of
triangles forms at A(™) with the meridian of this point, it is easy to see that

SV = 4+5AM

5 A being the error of A(™); the preceding integral in ' is therefore the probability
that the error d¢ of the longitude ¢ concluded from the azimuths observed at A and
A™) will be comprehended within the limits +3 20y Sufll“ v 3

There results from the analysis exposed in Chapter v of Book III of the Mécanique
céleste that, if there exists an eccentricity in the terrestrial parallels, it has no sensible
influence on the value of ¢ concluded in this manner, provided that the measured arc
is not very considerable. In measuring therefore, with a great precision, the angles
of the diverse triangles and the amplitudes of the extreme points, we will have quite
exactly the difference in longitude of these points, and we will be able, by the preceding
formula, to estimate the probability of the small errors to fear respecting this difference.

Let us determine presently the probability that the error of the measure of the line
AA’A” ... will be comprehended within some given limits. For this, let us suppose
that in the triangles CAC’, C'CC", ... we had corrected the angles as one does or-
dinarily, that is by subtracting from each the third of the quantity bywhich the sum of
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the three observed angles surpasses two right angles plus the spherical excess. If we
lower the vertices C, C’, C”. ... of the perpendiculars CI, C'I’', C"”I"”,... onto the
line AA’A” .. .; we will have, very nearly,

Al = AC cosTAC.
We will have next, quite nearly,
II' = CC' cos AWM

and, generally,
T 16+ _ o) o (i+1) og AGHD)

By supposing therefore that 0 is the characteristic of the errors, we will have

5.I(i)f(i+1) 5.C(i)c(i+1)

IOIG+) oo+ FACHD tan ACHD,
We have, by that which precedes,
SAGTD = () _ gli=1) 4 5(=2) _ ... 4 &
next, we have, in the (4 + 1) triangle, [542]

C@® 061 gip 0+ o GE—=1) ()

&) i+1)
cre B sin CG=D) CG+1) ) ’

that which gives

5.0 G+1) 5.0 G=1)
cOCEry — oWmoi-1

+6CHD o= @) oot oD o= (@)
—6C=D oD 00 oo =D oD 06,

but &(?) is, by that which precedes, the error of the angle C'¥) or C:~DC® G+,
corrected by subtracting from it the third of the excess of the sum of the three ob-
served angles of the triangle over two right angles. Let B be the error of the angle
CE=Hc+D 6 | thus corrected; —(a'® + () will be the error of the third angle
Cc+H oG- We will have therefore
s.cHct+t) 5 omot-1
COCE ~ i T
—BW cot D D o),

@ 4 30) cot CEH =D )

that which gives, by observing that, in the first triangle, the side C*~1 (' is AC that I
supposed measured very exactly.

s.cOCl+D)

e = —Sl(@9+50) cot CEHOEDO0 4 5O ot (DO



the sign S serving to express the sum of all the quantities that it contains from ¢ = 0
to 4 inclusively. We will have therefore thus the value of 6.1( 1+1) By reuniting all
these values, we will have, for the entire error of their sum or of the measured line, an
expression of this form

(0) pa+qB+pPal) +¢Mp0 4+ ...

The probability of the simultaneous values of & and of 3 is, by that which precedes,
proportional to

By making

the preceding exponential becomes

thus the laws of probability of the values of o and of & are the same. The function (o)
takes then this form

(o) ra+ rMa + T(Q)g(l) + r@ g 4.

The probability that the error of this function, and consequently of the function (o), is
comprehended within the limits +s, by § 20 of Book I,

2 [dt =t
ﬁ b

the integral being taken from ¢ null to ¢ equal to

2h
2
s
\/rQ +rM2 22 4.

We have evidently

_ 1 1
pa+qf = (p— 2q> a+ 561@\/5;

that which gives, by equating it to ra + V@,

1 1
= —av/3 v, =,
r=50v3, W=p-cqg
the value of ¢ will be therefore, by substituting for & its value —5’9’; ,
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3j n
20\ p2 — pg+ 2 + pM2 — p(g(D) 4 g2 ...

The length of the measured arc makes known that of the osculating radius of the
surface at the point A of departure. Let 1 + u be the radius drawn from the center
of gravity of the Earth to its surface, v being a function of the longitude and of the
latitude, the semi-axis of the Earth being taken for unity; if we name R the osculating
radius of this point, in the sense AA’, we will have, by the Chapter cited from Book III
of the Mécanique céleste,

(&)
d¢?

du
=1 (= .
R +u (dl)tanl+0052l’

and if the name € the length of the measured arc AAD | we will have, quite nearly,

G
"~ ¢cosl

that which gives, quite nearly,

(1— 3 tan® 1);

_ de €0
- ¢cosl  @2cosl’

but we have, by that which precedes,

de =pa+qB+---,
_Z|Z5A(”) B i(&7@(1)+6¢(2) —)
- sinl sin [ ’

the inferior sign having place if 7 is even, and the superior sign if n is odd. By making
therefore

Pt F §=—
¢cosl = ¢?sinlcosl’ ¢pcosl’
gy p(l) € ) q(l)

p q

_gzﬁcosl$¢)281nlcosl7 ~¢cosl’

the probability that the error § R will be comprehended within the limits +s will be

2 [dtet
ﬁ 9

the integral being taken from ¢ null to

t

. 3s n
T 20\ 2 — g+ @+ p02 — g ..

The difference in latitude of the extreme points of the perpendicular depends, by the

10
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Chapter cited from the Mécanique céleste, on the eccentricity of the terrestrial parallels,
which introduce into its expression the quantity

du ddu
w ¢ Km)t”” (dcédl)];

the part of this expression which is independent of this eccentricity is proportional to
¢?; thus the small error of which ¢ is susceptible has no sensible influence at all on
the difference in latitude. By observing therefore with a great care this difference, the
eccentricity of the terrestrial parallels must be manifest, as little as it is sensible.

If the geodesic line has been traced in the sense of the meridian, the azimuth, at
the extremity of the measured arc, will make known the eccentricity of the terrestrial
parallels, and it is remarkable that this azimuth is the function (u), by changing ¢ into
the difference in latitude of the extreme points of the measured arc and by multiplying
it by the sine of the latitude divided by the square of the cosine of the latitude at the
origin of the arc.

The arc measured in the sense of the meridian will make known the osculating
radius of the Earth in this sense, and, by the preceding formulas, we will have the
probability of the errors of which its value is susceptible.

We will obtain more precision in all the results by fixing toward the middle of the
measured arc the origin of the angles; because then the superior powers of these angles,
that we neglect, becomes much smaller.

§ 3. Let us suppose that, in order to verify the operations, we measure, toward the
extremity A of the arc AA’A” . . ., a second base. The expression of the error of this
base, concluded from the chain of the triangles and from the base measured at the point
A, will be, by that which precedes, of the form

(p) ld—i—mB—i—l(l)d(l) +m(1)6(1) 4o

let A be this error which will be known by the direct measure of the second base. If in
the function (p) we make, as previously

1 1
B+ 5@ = 59\/3’

it takes this form

fQ—F f(l)@ + f(Q)Q(l) + f(3)d(1) + ..

By designating by s the value of the function (o) or of its equivalent (0’) and observing

that the probabilities of o and of & follow the same law and are proportionals to ¢~ 3ha

and ¢~ 31" the probability of the preceding function will be proportional to

C,%h(g2+ &2+g(1)2+a(1)2+...)

By supposing the function equal to A, this exponential becomes

11
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2
Cfgh[(gf%)ﬁ(a—@) +-~+¥]
F expressing the sum of the squares f2+ f(1)2 4 f(224... The most probable values
of o, @, V), ... are evidently those which render the exponent of this exponential a
minimum, that which gives

1 2
A I o A

7 fa « 7 .
If we observe next that we have, by that which precedes,

f=omv3, fU=i—om,

=1 1

B = 52\/5* 554,

we will have
O[:(l—%m))\ B:(m—%l))\
= F b F )
1 A _ (m) — L1y

A~ — @) _ 2 (Y2 (n -\ 2" /7
V= (W - SmM)2, B =

and F' will become

2 —ml+m?24+ (W2 _ (W) L pyM2

If we substitute these values into the function (o), we will have the correction resulting
from the measure of a second base, by affecting it with a contrary sign. But we are able
to arrive to this result directly, by § 21 of Book II, according to which we see that, s
being the value of the function (o), its probability is proportional to

3, S7)\sr(i)_ ()
2 sF(1)2

T (2 (sr(D ()2
‘ sr()2 ST
the sign S extending to all the values of ¢, from ¢ = 0 inclusively. The most probable
value of s is that which renders null the exponent of ¢, that which gives

sr(i)f(i)
s = 7Sf(i)2 ;

it is necessary therefore to subtract from the measured arc AA™) ... A(™) this value of
s; and, if we name wu the error of the arc thus corrected, the probability of u will be

proportional to
S hu?

- 2
iz _ (5r( ()2
¢ s (2) 57003

12
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We see by this expression that the weight of the result is increased by virtue of the
measure of the second base; because, before this measure, the coefficient of —s? was,
by the preceding section,

3
sh
Sr2’
and, by this measure, the coefficient of —u2 becomes
3
sh
: Sr(D) f())2 °
Smm_Qﬁ&L

The same error becomes therefore less probable by this measure and by the preceding
correction of this arc.
We are able to observe here that the preceding values of r, r@ . fand fO give

2+ =p? —pg+ g,
2+ W2 =12 il +m?,

1 1
rf+r 0 =ip - Sa) +mla - 5p).
We will be able therefore to form easily Sr(¥2 and Sr(®) f(V) by means of the coeffi-

cients of &, B, @), .. . in the functions of (o) and (p).

If we had measured some other bases, we would have, by the analysis of § 21 of
Book II, the corrections which it would be necessary to make to the measured arc, and
the law of its errors.

The measure of a new base is able to serve to correct, not only the measured arc, but
also the difference in longitude of its extreme points or the angle A, It will suffice
to substitute into the function (o) this one

ﬂ:(@—@(l)+(5£(2)—"')

which expresses the error of A, the superior sign having place if n is odd, and the
inferior if n is even. Then we have

p=+1, ¢=0, pY=x1, V=0 ..;

thence it is easy to conclude that, in order to correct the angle A", it is necessary to
add to it the quantity

:F)\(l—l(l)—l—l@)—-~-—%m+%m(1)—-~-)
2 —ml+m2+ 102 Q) @2 .00

The probability that the error of A™) thus corrected is within the limits +u will be

2 [dt ct
ﬁ b

the integral being taken from ¢ null to

13
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I~4
E,
>

t=

\/ =IO — Tt Im(D = )2
n Z mltm2 2.

§ 4. We are arrived to the preceding results by starting from the law of probability
of the error o proportional to c’h““z, and we have proved that this law of probability
is able to be admitted in regard to the angles measured with the repeating circle. We
will show here that these results hold generally, whatever be the law of probability of
error . Let ¢(«) be this law. We will suppose it such that the same positive and
negative errors are equally probable. We will suppose, moreover, that ¢(«) extends
from o« = —o0 to @ = +oo: this supposition is always permitted; because, if the
probability becomes null beyond certain limits, the function ¢(«) is then discontinued
and null beyond these limits. Let us seek now the probability of the values of the
function (o) of § 1. This function has been calculated by correcting the angles of each
triangle by a third of the observed sum of their errors. Let us suppose generally that,
in the first triangle, we correct the error a by (i + )T, the error 8 by (i1 + )7, and
consequently the third error by (% — i —1i1)T, by designating by a and 3 the errors «
and [ thus corrected, we will have

a=a+(i+3)T, B=p+(i1+3)T.

By designating similarly by a(!) and 8V the errors (V) and ) respectively cor-

rected from (i) + 1T, GREE $)TW, we will have

a® = @ 4 (0 4 LM, g0 = g0 4 (O 4 [y,

and thus consecutively. The function (o) is, by § 1, equal to

pa + qB +p(1)a(1) + q(l)B(l) P

next, we have
that which gives

we have similarly

B=p+iuT, &V =al+iT,

The function (0) becomes thus

pa+ B +pMa® +¢WEM 4o+ S(pi + qir)T,
S(pi + ¢i1)T designating the sum
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(pi + qi))T + (P + q(l)i(ll))T(l) 4.

The correction of the function (o) relative to the values of 4, i1, i(!), ... is therefore [550]

—S(pi + Qi1)T,

and then this function thus corrected becomes

(e) pa+ g8+ pPa + q(l)é(l) +p@a® 4.

In order to have the probability of the values of this last function, we will observe that
the probability of the simultaneous existence of the values of o, 5 and T is

dordf dT¢(a)p(B)¢(T — o — B)
JJJ dodB dTé(a)p(B)(T — o = B)
the integrals of the denominator being taken within their positive and negative infinite

limits. Let us designate by k the integral [ dad(cr), taken within these limits; it is easy
to see that this denominator will be equal to k3. The preceding fraction becomes thus

dadBdT

= 8()B(B)6(T — a - B);
the probability of the simultaneous existence of the values of o, 8 and T" will be there-
fore

dadpdT
13
T being supposed to be able to be varied from —oo to 400, we will have the probability

of the simultaneous values of o and 3 by integrating the preceding function with respect

to T, within the infinite limits. Let us name %#w(g , B) this integral. We see, by § 20

of Book II, that by designating by s the value of the function (¢), the probability of s
will be proportional to

pla+ (i+ 3D)oB + (i1 + $T)o[(5 — i — i)T —a — f]

//dg@w(g, ) cos(pa + gB)w

(H) /dw c—sw\/ﬁ % //m(l) dﬂ(l)Q/J(g(l),ﬁ(l))cos(p(l)g(l) -l-q(l)ﬁ(l))w ,
X

the integral relative to w being taken from w = —7 to w = 7 and the integrals relative  [551]
to o and (3 being taken within their infinite limits. Let us develop into a series, ordered

with respect to the powers of w, the function contained within the parenthesis. The
logarithm of [ da dB (e, B) cos(pa + ¢B)w is equal to

[ dadB(a, B)(pa + q8)®
ot [ dadvien) - TR B
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Now we have
/gm@w%@
:/y dadBdTgla + (i + YD)6[8 + (i1 + IT)g[(2 —i—i)T — a - f]

The integrals being taken within their infinite limits, it is easy to see, by the known
theory of multiple integrals, that the second member of this equation is equal to

[[] dadsars@spsa,

T’ being equal to T — o — B3; it is therefore equal to k3.
We have next

//dg@w(g, B)(pa + qB)?

(u)
:// docdB dT' ¢(a)p(B)d(T") (pa + qB),

by substituting for a and §3 their values in «, 3, and 7" in the quantity (pa+¢[3)%. Now
it follows from that which precedes that we have

(
(

By substituting these values into the quantity (pa + q@)Z, we will be able, in its de-
velopment, to neglect the terms dependent on the products a3, oT”, BT, because the
triple integral

—ia—(i+3)B—(i+ 37T,
—i)B—(i+3)a—(i1+ )T

= 2
I

(w [[[ dadsars@omorva + oy
being taken within its infinite limits, and the function ¢(«) being supposed the same
for the values 4« and —q, it is clear that the elements of this integral depending on

+af will be destroyed by the negative elements depending on —«3. If we observe
next that by designating | a? da ¢() by k", we have

[[[ ataasaroromor =,
the function (u) will become
ka"[%(pz —pg +¢*) +3(pi + qir)’];
the logarithm of

/ dadBy(a, B) cos(pa + gB)w
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being thus
2 . .
log k* — &-w [30% = pa+a*) +3(pi + gin)] - -+

By passing again from logarithms to the numbers and neglecting, consistently with the
analysis of § 20 of Book II, the powers of w superior to the square, the integral (H) will
take this form

3n —swy/—1— 202 [25(p? —pg+q°)+3S (pi+qi1)?
k /dwc 2k [55(P"—Pata7)+3S(pitqin)7]

S(p? — pq + ¢*) representing the sum of the quantities
D2 gt g+ p D2 = Mg 4
S(pi + qi1)? representing the sum of the quantities
(pi+qin)* + (pi +qMil)? +

and n being the number of triangles. Let us give to the preceding integral this form

—Q(wt2t) -5
k?m/dwc (w 2Q ) Q)

@ being equal to

k/l ) )

o7 138(0" =g+ %) + 3S(pi + qin)’]
The integral must be taken from w = —7 to w = 7, and we have seen, in the section
cited from Book II, that it is able to be extended from w = —oo to w = o0; then the

$2
preceding integral, or the probability of s, becomes proportional to ¢~ 4@ or to

_ 3ks2
c 4k”[s(p2—pq+q2)+%5(1’i+qil)2]

It is necessary now to determine the value of % 7~ For this we will make, as above,
use of the observed values of T, T(1), T(2) .. When these values are in great number,
the sum of their squares divided by their number will be, quite nearly, by that which

we have established in Book II, the mean value of 72; by making therefore
0> =12+ 72 4 732 4

% will be this mean value. Now we have this value by multiplying each possible value
of T2 by its probability and by taking the sum of all these products; the expression of
the mean value of 72 will be therefore

JJJ dordB dT.T?¢(a)$(B)$(T — o — B)
JJJ dodB dTd(a)¢(B)(T — o= B)

the integrals being taken within their infinite limits. Let there be, as above,

T =T—a-4;

17

[553]



the preceding fraction will become
JIJ(T" — o — B)* da dB dT"¢(a)¢(B)$(T")
JJJ devdB dT" ¢(o)p(8)(T") ’

all these integrals being taken again within their infinite limits. It is easy to see, by the
preceding analysis, that the numerator of this fraction is equal to 3k?k”, and that its

. . g . " . . 2
denominator is equal to k3; the fraction becomes thus %; by equating it to %, we
will have

k! 92
k30
the probability of s is therefore proportional to

_ 9n52
c 462[s(p2 —pa+qa2)+ 2S(pitai1)2]

It is clear that the values of ¢ and of i;, which render this probability the most rapidly
decreasing are those which give pi + gi; = 0; and then the preceding correction of
the measured arc becomes null. The case of ¢ and ¢; nulls give therefore the law of
probability of the geodesic errors, the most rapidly decreasing, a law which must be
evidently adopted.

Thence, it is easy to conclude that the probability that the value of s will be com-
prehended within the limits +s is equal to

2 [dt =t
ﬁ b

the integral being taken from ¢ null to

g3 [ m
~ 20\ S(p? —pg+¢2)’

that which is conformed to that which we have deduced in § 1 from the particular law
of probability of the errors o proportional to ¢~ 1a”
Let us express, as in § 2, the error of a new base concluded from the first by the
function
la + mB +1WaM 4 m(l)B(l) N

By making, as previously,
Q:@_ZTv 6:B_ZIT7 Q:&(l)_z(l)T(1)7 )

the correction of this function, relative to the values of 7, i1, i(*), ... will be =S(li +
mi1 )T, and the error of the new base thus corrected will be

) la+mB+1Ma® +mph ...

Let s’ be the value of this function; the probability of the simultaneous existence of the
values of s and s’ of the functions (¢) and (\) will be, by § 21 of Book II, proportional
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to
// dw dwlc—sw\/—l—s'w'\/—1—Qw2—2Q1ww/—Q2w/2

the integrals being taken from w and w’ equal to —oo to w and w’ equal to +oco. We
see next, by the analysis of the section cited, that we have
Qu? + 2Q 1 ww’ + Qow™
_ 38 JJJ dadBdT’¢(a)¢(B)¢(T)[(pa + gB)w + (la + mB)w']?
JfJ dadBdT’¢(a)(B)d(T") ’

the integrals relative to «, 8 and T” being taken within their infinite limits; that which
gives, by substituting for o and (3 their previous values,

1K o
Q=37 [S0" —pa+ ) + 3S(pi + ¢in)?),
B 1 k" q D 9 . . . .
1 kl/
Qo = 318U = mil +m?) + §S(li + mir)’);

whence we conclude, by the analysis of the section cited, that the probability of the
simultaneous existence of the values of s and of s’ is proportional to

 (Q25%-2Q; 55" +Qs'?)
c 4QQ2-QD)

or
Qa(s—s’ 8;)2 o2

¢ 4Qe2x-eQf 1@z

The measure of the second base determines the value of s’; and, by naming it A as
above, the probability of s will be proportional to
Qz(s—%)Q

¢ 4QQ2-@QY)

The most probable value of s is that which renders null the exponent of c; that which  [556]
gives

s = /\@;
Q2
by making therefore
@1
Ss=A\— +u,
Q2
u will be the error of the arc measured and diminished by ’\gz L: and the probability of

this error will be proportional to

___Qou?
¢ 4Qe2-eD
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The values of i, i1, i1, ... must be determined by the condition that the coefficient of
1?2, in this exponential, is a maximum; let us see therefore what are the values of these
quantities of these quantities which render the fraction

Q2
QQ2 — Q7

amaximum. If we name Q’ that which the expression of ) becomes when we diminish
the finite integral S(pi + qi1)? by the element (pi + qiq)?, we will have

3 k//
Q=Q- 5?(]91 + qir)?.
If we name similarly @ that which the expression of )1 becomes when we diminish
the finite integral S(pi + gi1)(li + miy) by the element (pi + qi1)(li + miy) , we will

have
1

QL =Q1— 5?(}% + qiy) (i + miy).

Finally, if we name QY that which Q3 becomes when we diminish the finite integral
S(li + miy1)? by the element (Ii + miy)?, we will have

3k

The fraction ,
@
Q' Qy — Q12
surpasses the fraction
Q2 |
QQ2 — Q7'
because, by substituting into the first, instead of @', Q] and @5, their values, and
reducing to the same denominator its excess over the second, the numerator of this

excess becomes
3 k//

5?[Q2(pi + qiy) — Q1(li +miy))*

Let us name further Q' that which )’ becomes when we subtract %%(p(l)i(l) +
q(l)igl) )2 from it; and, consequently, that which the expression of () becomes when we
diminish the integral S(pi+qiy )? by the two elements (pi+qi1)2+(p(1)i(1)+q(1)i§1))2.
Let us name similarly @)} that which @)} becomes when we subtract from it

SET 00 1 4000y ) 4 100,
SR A A YU+ mi iy );

finally, let us name @} that which @, becomes when we subtract from it

3 k//

. (1
S +miy2,

)
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we will see, by the same process, that the fraction

"
2

Q"Qy — Q1
surpasses the fraction
Q
QQy— QY
and, consequently, the fraction
Q2
QQ2 — QY
By continuing thus, we see that this last fraction arrives to its maximum when the finite
integrals S(pi+qi1)?, S(pi+qiy ) (li+miy)? and S(li+miy )? are null in the expressions
of @, Q1 and Q, that which reverts to supposing null the values of 7, 41, i(!), .. .; this [558]
supposition gives therefore the law of probability of the most rapidly decreasing values
of ), and then we have

92 2 2
Q= —S(p" —pq+q°),

s

0

0= s [(o- 2y (o= 5) ).
Q2 = g—;S(ZQ —ml +m?).

The weight of the error u becomes thus

_9n
162

[S(p—2)i+(a—8)m]"

S(* = pa+ ¢*) — @)

It is easy to see that this result coincides with the analogous result of § 3.
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On the probability of the results deduced, by any processes whatsoever, from a great
number of observations.

The true march of the natural sciences consists in showing, through the path of in-
duction, from the phenomena to the laws and from the laws to the forces. We come
down next from these forces to the complete explication of the phenomena as far as
into their smallest details. The attentive inspection of a great assembly of observations
and their comparisons multiplied make a presentiment of the laws that it conceals. The
analytic expression of these laws depends on constant coefficients that we name ele-
ments. We determine, by the theory of probabilities, the most probable values of these
elements, and if, by substituting them into the analytic expressions, these expressions
satisfy all the observations, within the limits of the possible errors, we will be sure that
these laws are those of nature, or at least they are very little different from them. We
see thence how much the application of the Calculus of Probabilities is useful to natural
Philosophy, and how much it is essential to have methods in order to deduce from ob-
servations the most advantageous results. These results are evidently those with which
one same error is less probable than with each other result. Thus the condition that it
is necessary to fulfill in the choice of a result is that the law of probability of its errors
is most rapidly decreasing. Before the application of the Calculus of Probabilities to
this object, each calculator subjected the results of the observations to the conditions
which to him appeared to be most natural. Now if we have certain formulas in order to
obtain the most advantageous result, he is no longer able to have uncertainty in this re-
gard, at least when we make use of the factors. We are able, not only to determine this
result, but further to assign the probability of the errors of the results obtained by some
other processes and to compare these processes to the most advantageous method. The
excessive length of the calculations that this method requires, when we employ a very
great number of observations, does not permit then to make use of it. But, by grouping
conveniently the equations of condition and by applying this method to the equations
which result from each of these groups, we are able at the same time to simplify con-
siderably the calculations and to conserve a part of the advantages which are attached
to them, as we will see it in the following. Whatever be the process of which we make
use, it is very useful to have a means to determine the probability of the results to which
we arrive, especially when there is a question of the important elements. We will have
easily this probability by the following method.

§ 1. Let us consider first a quite simple case, the one of the angles measured by
means of a repeating circle. Let us suppose that at the end of each partial observa-
tion we read the corresponding division of the circle; we will have, by departing from
the point of departure, a sequence of terms of which the first will be the angle it-
self, the second will be the double of this angle, the third will be the triple of it, and
thus consecutively. Let us designate by Ay, A, ..., A, these different terms, and by
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ai, as, ..., a, the n partial angles successively measured. We will have

Al = az,
Ay = as+ay,
As = as+az+ai,

and, if we name y the true simple angle, we will have this sequence of equations

y—ar + 1 =0,
y — ag + x2 =0,
(@) y —az + x3 =0,
Y — an + T, =0,
x1, T3, Ts,... being the errors of the angles a1, ag, as, ... We will have, by § 20 of

Book II, the most advantageous result by multiplying by unity each of the preceding
equations and by adding them, that which gives

_a1+a2+"'+an+331+562+"'+37n

n n

By supposing z1, =2, ...null, we will have the result of the most advantageous method,
and the error of this result will be W By designating by w this error, we see,
by the section cited, that the probability of u is proportional to c_%, k being equal
to [ dx ¢(x) and k" being equal to [ z? dz ¢(z), #(z) being the law of probability
of the errors x of the partial observations, this law being supposed the same for the
positive and negative errors and being able to be extended to infinity; c is always the
number of which the hyperbolic logarithm is unity.

Svangerg, in his excellent Work on the degree of Lapland, exposes, in order to
determine y, a new process founded on the following considerations. Each term of the
sequence Ay, Ao, ... 1is able to give its value, which is able to be equally determined by
the difference Ay — A, of any two terms whatsoever of this sequence, s’ being greater
than s. This difference, divided by s’ — s, gives a value of y so much more exact as
this divisor is greater. By multiplying it therefore by this divisor, we will render it
preponderant by reason of its exactitude. If we make next a sum of these products and
if we divide it by the number of simple angles that it contains, we will have a value of y
which, concluded from all the combinations of the quantities A;, Ao, ... by giving to
each of these combinations the influence that it must have, seems ought to approach to
the truth the nearest that it is possible. This would be just, in fact, if all these values of
y were independent. But their mutual dependence makes that the same simple angles
are employed many times and in a different manner for each of them, that which must
change the respective probabilities of the values of y and, consequently, the probability
of the mean value. This is a new example of the illusions to which we are exposed in
these delicate researches.
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The process of which there is question reverts to forming the sum of the differences
Ay — A, s' being greater than s and having with this condition to be extended from
s’ = 1to s’ = n; s must be extended from s = 0 to s = n — 1, and we must make
Ag = 0. By dividing next this sum by the number of simple angles that it contains, we
have the value of y. It is easy to see that this value is

nSA, —2SSA,_1

v= n(n+1)(n+2) ’
12.3
S A, expressing the sum of the quantities Ay, As, ..., A,; SSA,_; is the sum of the
quantities
A17
Ay + Ay,
Ay + Ay + As,

Ar+As+-+Ap-y;

the angle a4 is contained n — i + 1 times in SA,,, it is contained ("_l)i%ﬂ) times

in the function SSA,,_1; it is therefore contained % times in the preceding
1.2.3

expression of y. Thence it follows that this process reverts to multiplying the equations

(a) respectively by the factors

n 2(n—1) 3(n—2) )
n(n+1)(n+2)’ n(n+1)(n+2)’ n(n+1)(n+2) 7’ 7
6 6 6

and then we find, by § 20 from Book II, that the probability of the error u in the
preceding expression of y is proportional to
2

__k u
17 2
c k Sh{i ,

M; being here equal to %, the integral SM? must comprehend all the values
[CEZNIGE=))

of M? from i = 1to i = n inclusively. We have thus

SM2—§ n?+2n+ 2
T bn(n+1)(n+2

n being supposed very great, this value of SM? is reduced very nearly to %; the
probability of the error v is therefore proportional to

We have just seen that, in the most advantageous method, the probability of a sim-
ilar error of the result is proportional to

_ knu

c 2K .
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Thus, in order that the same errors become equally probable, the observations must be,
in the process of Svanberg, more numerous than in the ordinary process, according to
the ratio of six to five.

We would be able to believe that, the result obtained by the process of Svanberg be-  [563]
ing a new datum from the observations, its combination with the result of the ordinary
method must give a more exact result, and of which the law of probability of the errors
is more rapidly decreasing. But the analysis proves that this is not. Let us consider, in
fact, the system of equations

p1y — a1 + x1 =0,
P2y — az + w2 =0,

(b) ............ .

PnY — n + T, =0,
x1,%2,... being, as above, the errors of the observations. The most advantageous
method prescribes to multiply these equations, respectively, by p1, po, ... and to add

them, that which gives
_ Spia; _ Spixi
Sp  Sp?

K2

the sign S comprehending, as above, all the values that it precedes, from: = 1toz =n
inclusively. The first term of this expression will be the value of y given by the most

advantageous method, and its error will be S§p§ ; in designating it by w, its probability

will be, by § 20 of Book II, proportional to

k 2 2
c R W SPL

If we multiply the equations (b) respectively by m1, ma, ms, ..., their sum will give

Smiai szxz

V= Smip;  Smp;

The first term of this expression will be the value of y relative to the system of factors
mi, ma, ..., and Z?L—lfj will be the error of this value, an error that we will designate

by u’. If we make
I =Sp;x;, U =Smyx;,

the probability of the simultaneous existence of [ and of I’ will be, by § 21 of Book II, [564]
proportional to
C—ﬁ(lZS'rn?—2ll’S’rrL,ip1,-‘,—l/zspf)7
E being equal to Sm?Sp? — (Sm;p;)?. Now we have
I =uSp?, ' =u'Smp;;
the simultaneous existence of u and of u’ is therefore proportional to

sp?

o g B P B (u —w) (Smapi)?]
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Let e be the difference of the preceding values from y; we have

o Spi a; Smi a; .

Sp?

Smip;’
the equality of these values, corrected respectively of their errors u and v’ , give
e=u—u;

the preceding exponential becomes thus

2
k 20,2, ,28m;p;)
72kusp1', ute 7’E’L

e is a quantity given by the observations; the value of « which renders this exponential
a maximum is evidently v = 0O; thus the consideration of the result given by the sys-
tem of factors mi, mq, ... add no correction to the result of the most advantageous
method and changes not at all the law of probability of its error u, which remains
always proportional to

¢~ ﬁ uZSp? .

If the very great number of equations of condition do not permit applying this
method to them, there will be always advantage to apply it to some equations resulting
from groups of these equations. Let us suppose that we have r groups, each formed of
s equations, so that n = rs; we will have the following  equations

Py—A+ X, =0,

W) Py — Ay + X5 =0,

and we have
Pr=pi+p2+-+ps,
Ay =a1+as+-- +as,
Xi=z14+220+ -+ x5,

Py =psy1 +Dsg2 + - - 4 pas,

By applying to the equations (V) the process of the most advantageous method, we

have
o SPtAt SPtXt .

SP? SpP2’
the sign S embraces all the quantities which it precedes, from ¢ = 1 to ¢ = r inclusively.

SEXs s the error of the value % taken for y; by designating this error by wu, its

SP? t
probability will be, by § 20 of Book II, proportional to

k u2
2K sm? .
)
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my, ma, ...being the coefficients of x1, x3, ... inthe expression of u; and the integral
Sm? being extended from i = 0 to i = n inclusively. Now it is easy to see that we
have

P P P
my Z@» m2=@, T msg :SiPtQ’
P2 P2
Mgy :@, ............ s BN Mag :Si‘PtZ’
P
Mas+1 :@, ............ , N R ;

thence it is easy to conclude that we have

S n
S 2 = — = —F
T SspE T rspE

the probability of w is therefore proportional to

k_ r,2qp2
Tz —u SP; .

If we reunited all the equations into a single group, the probability of u would be
proportional to

kw2 2
Ciqu(Spi) ;

because then  would become unity, P} would become Sp;, P, Ps, ... would be nulls.
The weight of the result or the coefficient of —u? would be therefore, in the first case,

and, in the second case, it would be

Now the first of these quantities surpasses the second; in fact,
Spi)?> = (Pi+ P2+ -+ P.)>

If, in the development of this last square, we substitute, instead of the product 2P; P,
its value P21 + P22 — (P — P2)2, and thus of the other products, we see that this square
is equal to rSP?, less a positive quantity; there is therefore advantage to partition the
equations of condition into many groups to which we apply the most advantageous
method.

We see further that there is advantage to augment the number of groups; because,
if we suppose r even and equal to 27/, the weight of the result relative to the number r’
of groups will be proportional to

T’[(Pl + P2)2 + (P + P4)2 4ot (Poprg1 + P27‘/)2];

and the weight of the result relative to 27’ groups will be proportional to
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2r'(PY + P35 + -+ P3.).
This last quantity surpasses the preceding, as we see it by observing that
2(Pf +P3) > (P + P2)”.

If the equations of condition contain many unknown elements, y, 3/, ... there will
be always advantage to partition them into groups in order to apply to the equations
resulting from these groups the most advantageous method. The more we will multiply
these groups, the more we will augment the weight of the results.

But, from whatever manner that we have obtained these results, we will be able
always to determine, by the following theorem, the probability of their errors. If we
have, by any process whatsoever, deduced from the equations of condition the equation
y —a = 0, it is clear that we have multiplied the equations of condition, respectively,
by some factors My, My, Ms, ... such that the unknowns have disappeared, with the
exception of y which has unity for factor. The error u of the result y = a is evidently
Mixq + Moz + - - - ; the probability of this error will be therefore, by § 20 of Book I,

proportional to
k u?
2K sM2
)

the sign S being extended to all the values of ¢ from 2 = 1 to ¢ = n, n being the
number of observations. All is reduced therefore to determine, in the process that we
have followed, the factors M7, Mo, ...

If, for example, the equations of condition contain two unknowns y and 3’ and if,
in order to form the final two equations, we add together all these equations: 1° by
changing the signs of the equations in which y has the sign —; 2° by changing the
signs of the equations in which 3’ has the sign —, we will obtain, by this process of
which we have often made use, two equations that we will represent by the following:

Py+ Ry — A=0,
P1y+R1y’—A1 =0.

In multiplying the first of these equations by

Ry
PR, — PR
and the second by
R
PR, — PR’
we will have, by adding them,
ARy — A1R

_Am T AR
7T PR, - PR

In the equations of condition, x; has been multiplied by +1; the sign — having place
if, in order to form the final equations, we have changed the signs of the i equation.
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Thence it is easy to conclude that, if we designate by s the number of equations of
condition in which the coefficients of y and of i’ have the same sign, we will have

8(R1 - R)2 + (n — S)(Rl + R)2

SM? =
i (PR, — P R)?

We will simplify the calculation by preparing the equations of condition in a manner
that in each the coefficient of y has the sign +. We will form next a first final equation
by adding the s equations in which the coefficient of ¢’ has the sign +. We will form a
second final equation by adding the n — s equations in which the coefficient of 3’ has
the sign —. Let

fy+gy —h=0,
fiy+g1y' —hi =0

be these two equations. By multiplying the first by
we will have

g g
fgl'ﬁflg and the second by Tt [569]

_hgithg
for+fig 7
and it is easy to see that
qupp_ ST (=)’

’ (for + f19)?

These values of y and of SM? coincide with the preceding, as it is easy to see it by
observing that we have

P:f+f15 R:g_gl7 A:h+h17
P=f-h, Ry =g+ g1, Ay =h—hy.

The equations of condition being represented generally by the following
0=z —ai +py + qy/,

if we multiply them respectively by m;, mg, ... and if we add them, we will have the
final equation
0 = Smyx; — Smya; +ySmip; + y'Smiq;;
if we multiply next the same equations, respectively by ny, na, ..., we will have, by
adding them, the final equation
0 = Sniz; — Snia; + ySnipi + y'Snig;.
Snigi

By multiplying the first of these equations by ==~* and the second by —
equal to

Smiq;
I 9

I being
Sm;piSniq; — SnypiSmsqs,
we will have

I I '

0=y
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This last term is the error of the value that we obtain for y, by supposing nulls 1, x2, ..

we have therefore then
M — m;Sn;q; — niSmyq;
i= 7 ;

whence it is easy to conclude

2

k__u 2
— 5T T 21
c 2k SM 2

k
—k_u*IZ
— 77 H
= C 2k 5

by making
H = Sm?(Sniqi)2 — 2Sm;n;Sm;q;Sn;q; + Sn?(Smiqi)Q,

a result which coincides with the one of § 21 of Book II, in which we have proved that
the maximum of the coefficient of —u? in this exponential takes place when we suppose
generally m; = p;, n; = q;; this supposition gives therefore the most advantageous
result or the one of which the weight is a maximum.

We will determine the value of % by means of the squares of the remainders
which take place when we substitute into the equations of condition the values deter-
mined for y and y'. By designating by ¢; this remainder in the i equation of condition

0= —a; +piy + @iy,
and designating by u and u’ the errors of these values, we will have
0=+ e —piu—qu';

that which gives

Se? = Sm? — 2uSp;z; — 2u'Sq; s + uzsp? + 2un/Spiq; + u'?Sq?.

%

We have, by § 19 of Book II,
k/l
x; A n
next, the values u and v’ cease to be probable, when they surpass the quantities of order
ﬁ. The values of Sp;x; and Sq;x; cease to be probable when they surpass quantities of
order /n; the values of —2uSp;x; and —2u'Sq;x; cease therefore to be probable when
they cease to be of a finite order, n being supposed infinitely great. Sp?, Sp;q; and Sq?
being of order n, the values of u2Sp?, 2uu/Sp;q;, u>Sq? cease to be probable when
they cease to be finite quantities. We are able therefore to neglect all these quantities

and to suppose, whatever be the process of which we make use,

Se? = i
that which gives
k- n
2k 2Se?
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§ 2. The preceding methods are reduced to multiplying each equation of condition
by a factor and to adding all these products in order to form a final equation. But we
are able to employ some other considerations in order to obtain the result sought: for
example, we are able to choose that of the equations of condition which must most ap-
proach to the truth. The process that I have given in § 40 of Book III of the Mécanique
céleste is of this kind. By supposing the equations (b) of the previous section prepared
in a manner that py, po, ps3, ... are positive and that the values ;—1, %, ... of y, given
by these equations under the supposition of x1, xs, ... nulls, form a decreasing se-
quence, the process of which there is question consists in choosing the ™ equation of
condition, such that we have

D1 +p2+"'+pr—1 <p7‘+p1’+1+"'+pna
prtp2+t- P> Pry1 +Pry2t o+ P,

and in supposing

Ay
y=—
Dr
This value of y renders a minimum the sum of all the deviations from the other values,
taken positively; because by naming x1, 2, ... these deviations, x1, T2, ..., Tr—1
will be positive and x4 1, Zy12, ..., £, Will be negative. If we increase the preced-
ing value of y by the infinitely small quantity dy, the sum of the positive deviations
x1, T3, ..., T,—1 will diminish by the quantity

dy(pr +p2 + -+ pr1);

but the sum of the negative deviations, taken with the sign +, will increase by the
quantity
5y(pr+1 + Dry2 + +pn);

the deviation z,. will become p,-dy. The sum of the deviations, taken all positively, will
be therefore increased by the quantity

Sypr +pr4y1+ -+ Pp—P1—D2— - —Dr—1);

by the conditions to which the choice of the r™ equation is subject, this quantity is
positive. We will see, in the same manner, that if we diminish ;—T by dy, the sum of the
deviations taken positively will be increased by the positive quantity

dy(pr +p2+ -+ Dr —DPrg1 — Pry2 — -+ — Dn)-

Thus, in the two cases of an increase and of a diminution of the value % by y, the
sum of the deviations, taken positively, is increased. This consideration seems to give a
great advantage to the preceding value of y, which, when there is a question to choose a
middle among the results of an odd number of observations, become the result equidis-
tant from the extremes. But the Calculus of probabilities is able alone to estimate this
advantage: I will therefore apply it to this delicate question.

The sole data of which we will make use are that the equation of condition

0=z, —ar +pry
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gives, setting aside the errors, a value of y smaller than the r — 1 anterior equations and
greater than the n — r posterior equations; and that we have

pi+p2+--+DPro1 <PrAPro1t o+ P,
P1 +p2++pr >pr+1 +pr+1+"'+pna

We have [573]
ai T Qr Ly
y=———=— -
P11 pr D
that which gives
T ay  a Ty
P PP Pr
Thus, ‘“ surpassmg o, p surpasses . It is of it the same of ?, ﬁ ... to fj—’i
We w1ll see in the same manner that ;”i irfr; cen ”‘" are less than £= o . Thus, the

sole conditions to which we will subject the errors and the equations of condition are
the following:

s>, s <,
(c) Ts Xy Ts _ T
—<, >

Ds Dr Ps Dr

pr+p2+ -+ Dr—1 <pr+Pry1+ -+ Pa,
p1 +p2+"'+pr >pr+1 +pr+1+"'+pn7

It is uniquely according to these data from the observations that we will determine the
probability of the error x,.. We will have besides no regard to the order that the first
r — 1 equations of condition and the n — r last observe among them, nor to the values
of the quantities a1, as, ..., Gy.

Let us represent, as above, by ¢(x) the law of probability of the error = of the
observations and, in order to express that this probability is the same for the positive
and negative errors, let us suppose ¢(z) a function of 2.

Now, if we suppose x,. positive, the probability that z; will surpass p1 w111 be

1 5 [deg(x)

2 k ’
the integral | dx ¢(x) being taken from 2 = 0 to x = p; 2= o = and k being, as above this
integral taken from z null to « infinity. The probability that the quantmes ;; s oo [574]
Tr—1

will be all greater than r* is therefore proportional to the product of the r—1
factors
Fa ) | Jdvo@)

2 , 2 s e
the integral of the first factor being taken from x =0tox=p1y 2. the integral of the
second factor being taken fromz = 0to z = p2 ; and thus consecutlvely

1—
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Similarly, all the quantities ff—:i, 2127 -+, = being supposed smaller than 2=,
we see, by the same reasoning, that the probability of this supposition is proportional

to the product of the n — r factors

J dx ¢(x) J dz ¢(x) ,
1+T, 1+T, ceey

the integral of the first factor being taken fromz = 0toz = p, 11 %, that of the second
factor being taken from = = 0 to # = p,42 7+, and thus consecutively. The probability
of the error , is ¢(z,.); thus the probability that the error of the r™ observation will be
x, and that the value of y given by the " equation will be smaller than the values given
by the preceding equations, and will surpass the values given by the following equa-
tions, this probability, I say, will be proportional to the product of the n — 1 preceding
factors and of ¢(x,.).
x being supposed very small, we have, to the quantities near of order x3,

/ dz 6(z) = 26(0) + %wqul(O),

¢'(0) being that which MZI—S) becomes when z is null. In the present question, ¢(x)

being a function of 22, we have ¢’(0) = 0, and then we have

/ dz ¢(x) = 26(0).

The preceding factors will become thus, by making ;%« =, [575]
¢(0)
1— RASA
k' )
0
1- p?é‘%a
0
1- r—1€%7
0
1+ p7‘+1<%a
0
1+ pnC%.

If we designate by ¢”(0) the value of % when x is null, ¢(z,) becomes

8(0) + 5227 (0).

The sum of the hyperbolic logarithms of all these factors is, to the quantities near of
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order (3, by dividing the factor ¢(x,.) by ¢(0),
¢(0)

_CT(p1+p2+...+pr_1—pr+1—pr+2_..._pn)
2 O 2
g{%ﬁ]@%pgk”+ﬁ+ﬁﬂ+“ﬁpb
1,5 [¢"0)  [6(0)]
+—2pr { A + : )

The probability of ¢ is therefore proportional to the base c of the hyperbolic logarithms,
elevated to a power of which the exponent is the preceding function. We must observe
that by virtue of the conditions to which the choice of the r equation is subject, the
quantity

Prtp2+t -+ Pr1 = Pry1 —Pr42 =~ Pn
is, setting aside the sign, a quantity less than p,., and that thus, by supposing ¢ of order
ﬁ, the number n of the observations being supposed quite great, the term depending

on the first power of (, in the preceding function, is of order %; we are able therefore

to neglect it, thus as the last term of this function. By designating therefore by Sp? the
entire sum
PR+,

the probability of ¢ will be proportional to

k

C_g [M]ZSP?’

Cor % being the error of the value a—’r given for y by the " equation. The value given
by the most advantageous method is, by the preceding section,

_ Spia;i
Sp?

and the probability of an error ( in this result is proportional to

k252
» P
C 2’\,// 1’

k" being always the integral [ 2 dz¢(z), taken from z null to  infinity. The result of
the method that we just examined, and that we will name method of situation, will be
preferable to the one of the most advantageous method, if the coefficient of —(2, which
is relative to it, surpasses the coefficient relative to the most advantageous method,
because then the law of probability of the errors will be more rapidly decreasing there.
Thus, the method of situation must be preferred if we have

in the contrary case, the most advantageous method is preferable. If we have, for
example,

plx) =c ",
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k becomes % and k" becomes }ff’
2
{@} becomes %; now we have 2h > % the most advantageous method must

that which gives % 2h. The quantity

therefore then be preferred.

By combining the results of these two methods, we are able to obtain a result of
which the law of probability of the errors is more rapidly decreasing. Let us name
always ( the error of the result of the method of situation, and let us designate by ¢’ the
error of the result of the most advantageous method. The first of these results is, as we

have seen, ;—T, and the second is Sg;g" . If we designate Sp;x; by [, # will be the error

of this last result; thus we will have [ = (’Sp?. The probability of the simultaneous
existence of [ and of ( is, by § 21 of Book II, proportional to

/dw C_lw\/jl(ﬁ(pTC)Cprcw\/?l/dl‘(lﬁ(x)cplxw\/jl/d$¢(l‘)cp2'tw\/jl o

the integral relative to w being taken from w = —= to w = 7. The integral relative
to x, in the factor f dag(x)cPrewy 1 must be taken, by that which precedes, from
x = p1( to x = oco. In developing this factor according to the powers of w, it becomes

[ wot@) + prwv=T [ adeota) -ty / 2z ()

By taking the integral within the preceding limits, we have, to the quantities near of
order (3,

/ dz(x) = k — pi1Cd(0).

By neglecting similarly the quantities of the orders 2w, (3w?, .. ., we have
_p2 k!
plw\/—l/xdx¢(a:) =k'prwv—1, le2 /descqu(a:) = —7pfw2

k' being the integral [ zdx¢(z) taken from 2z = 0 to z infinity. The factor of which
there is question becomes therefore, by neglecting w?, conformably to the analysis of
the section cited from Book II,

k —p1C¢( ) + kplw\/T— *p1w

Its hyperbolic logarithm is
0) K k" 1% ?
plc% + wyv/—1— ﬂp? 2 - M — Ew\/—l + log k.

By changing p; successively into ps, ps, ..., pr—1, we will have the logarithms of the
factors following, to the factor relative to p,_.

In the factor [ daxg(z)cP+1#“V=1  the integral must be taken from z = —oo to
z = py41C; then [ zdzg(x) becoming —k’, the logarithm of this factor is

k/
Pr+1§<b§€ ) FPreiwv - Pr+1w2

0 K 2
p’““ m—?w\/—l Flogk.
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We will have the logarithms of the factors following by changing p,.;; successively
into pry2, Pris, - .., Pn. The factor ¢(p,¢)cP V=T is equal to

0000+ ] e,

and its logarithm is

pr 29" (0)
27 ¢(0)

Now, if we reassemble all these logarithms, if we consider next the conditions (c)
to which the " equation is subject, finally if we pass again from the logarithms to
the numbers, we find, by neglecting that which it is permissible to neglect, that the
probability of the simultaneous existence of [ and of ( is proportional to

+ prCwyv/—1 + log ¢(0).

2 25p2
—lwv—l—{{{@—%wx/—l} +kT:/w2} S%
doc

By making therefore

s (K ? Sp?
koK) 2

the probability of the simultaneous existence of ¢ and of ¢’ will be proportional to

./ $(0) ,
[,7<L/¢(0)]2 _F +[§’7(% T jIV*lSP?
_Q[wo)rs 2_|¢ k] (5p2)2 w 2F
c zZl Tk Dy — iF - (SP; dw ¢

By the analysis of § 21 of Book II, the integral relative to w is able to be taken from
w = —0o0 to w = 00, and then the preceding probability becomes proportional to

k! $(0)12
¢/ —c kL 2]

_é 2@2_[ 3
R B ey

an expression that we are able to set yet under this form

k. r2¢.2 k!
57§ SPi —
c (T

If we name e the excess of the value of y given by the most advantageous method over
that which the method of situation gives, we will have ¢ = ¢’ — e. Let us suppose

e 20) {M _ k;]

, k k k7

¢ =u+t

k!’ k72

k k/2+[¢(0) k/r’

the probability of w will be proportional to

2 5[4~ k7]
2) & : k
S T v
c k
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the result of the most advantageous method must therefore be diminished by the quan-
tity
¢ 20 [M _ L]
k k K77

g k72 k k!’

2 ’ 2;
k k +{¢(0) k}

and the probability of the error u, in this result thus corrected, will be proportional to
the preceding exponential. The weight of the new result will be augmented, if @ — kk—,/,

is not null; there is therefore advantage to correct thus the result of the most advanta-
geous method. Ignorance where one is of the law of probability of the errors of the
observations renders this correction impractical; but it is remarkable that, in the case
where this probability is proportional to c’h“j, that is where we have ¢(x) = c’hx2,
the quantity @ — kk—,/, is null. Then the result of the most advantageous method receives
no correction of the result from the method of situation, and the law of probability of

errors remains the same.

(Feb. 1818)
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