Sur les Fractions Continues™

Pafnuti Chebyshev

Journal de mathématiques pures et appligées, lInd Series, T. III (1858),

p. 289-323.
(Read 12 January 1855)

In the month of October of the last year, I have had the honor to present to the
Academy of Sciences one of the results of my researches on interpolation: it was a
formula which represents approximately a sought function, according to many of its
particular values, and of which the coefficients are determined by the conditions of
the Method of least squares. That formula, as one sees by my writing inserted into
the Bulletin de I’Académie (T. XIII, No. 13) under the title of Note sur une formule
d’Analyse, is obtained by aid of the development of a certain function by continued
fraction. Postponing that which touches on the consequences of this formula relative to
interpolation to the end of my researches on this subject, I am going to consider it here
in its relations with continued fractions, as expressing a particular property of these
fractions.

I will commence with the deduction of the formula that I have presented without
demonstration in the writing cited just now. Next I will show that which one is able to
draw relative to the properties of the convergent fractions that one obtains by develop-
ing certain functions into continued fractions.

§1.

We commence our researches with the solution of the following question:
One knows some values of the function F(x) for n + 1 values of the variable,
T = Xo, T1, Ta,... Ty, and one supposes that the function is able to be represented by
the formula
a+br+cx®+...4+ g™+ ha™,

the exponent m not surpass n. The concern is to find the coefficients of the formula
by subjecting them to permit errors of the values F (xg), F(x1), F(x2),... F(x,), only
the least possible influence on any value of F'(X).
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One obtains immediately this sequence of equations

F(xzo) = a+bro+cai+...+gaf ™t + hal;
F(x1) = a+bry+cxi+...+gxl '+ hal
F(x3) = a+bry+cai+...+ gzl + hal;
F(z,) = a+br, +cr?+.. . +gx™ '+ ha'™;

In order to express the value of F/(X), by aid of these equations, we multiply them
by some indeterminate factors Ao, A1, Ag,. .. A,, and we take the sum of them

MoF(zg) + MF(x1)+ XF(ze)+...+ M\ F(zy)
= ad+MF+r+...+\)
+ b(Momo + A1x1 + Aoxa + ..+ Apxy)
+ c(Aomp + M@t + Xows + ..+ A2l)

+ g()\gxgl_l + )\1:0;”_1 + /\2:E72"_1 + o Az h
+  h(Aozdt + x4 Aol + . 4 Azt

If, now, we compare this sum to the expression of F'(X), which must be
F(X)=a+bX +cX?+...+gX™ 4 hX™,
we will find that in order to assure the relation
F(X) = XF(zg) + MF(z1) + AaF(x2) + ... + A\ F(xy),
it suffices that the factors Ay, A1, Aa,... A\, satisfy the equations

o +A + o N =1,
)\on +)\11‘1 +)\21’2 —+ .. +/\nmn = X,

)\0583 —|—)\1£C% —|—)\233§ —+ .. .+/\n.’L’% = XQ,
e))

/\ong_l—H\l:c;n_l—F)\go:;n_l—k oA AT l= Xl
)\0.136” —|—)\1J3{n —|—)\2$£n +. oAz =X

When m = n, these equations determine completely the factors Ay, A1, Aa,... Ap,
since the number of the ones and of the others is the same. In this case the system
of factors thus calculated is the only one which is able to form the coefficients of the
general expression

F(X) = )\0F(3§‘0) + AlF(JZl) + AQF(JTQ) +...+ )\nF(xn)-



If, on the contrary, m < n, these equations will be able to be satisfied in an infinity
of ways, and each system of values assigned to the factors A\g, A1, As,... Ay, in the
formula

will furnish a particular expression of F'(X). But, according to the last condition of the
problem, it is necessary to choose, among all the expressions of F'(X), that in which
the errors of the values F'(xg), F(x1), F(x3),... F(x,) have the minimum influence
on the sought magnitude F'(X). Now one knows, by the theory of probabilities, that
one will arrive to this end, by subjecting the factors Ag, A1, Az,. .. A, of F(X) to reduce
to the minimum the sum
EANZ 4+ BSANT 4+ E3NZ 4.+ E2N2,

in which k2, k%, k3,... k2 designate some quantities proportional to the means of the
squares of the errors of the values F'(xq), F/(z1), F(x2),... F(x,). One sees that, for
more generality, we suppose different from one another the laws of errors of these n+1
quantities. If the law of probability is the same for all, one has in this case

ko=ki=ko=...=kp,

and one is able to reduce these multipliers to unity.
The solution of the question is found restored by that which precedes to express
F(X) by the formula

F(X) = MF(x0) + MF(x1) + Ao F(22) + ... + M F(2),

by determining the factors A by the equations (1) and by the condition of the minimum
of the sum
RS + KIAT + Ek3As + ...+ E2)2.

We note, in passing, that this condition is able to be extended to the case itself, in
which m = n. For the factors A are then completely determined by the equations (1),
and the condition of the minimum of the sum of squares requires nothing more; that
which accords with that which has already been said on this particular case.

Arriving to the calculation of the factors Ao, A1, A2,... A, we suppose that 6(z) is
an entire function of z, which for the values xg, x1, xa,...z, of x, takes respectively
the values k—lo, k%’ 1712’1% The sum

EANE 4+ B2NE B3N 4+ .+ K22,
will be written under the form
)\3 + )\% + )\% + + A%
02(xo) =~ 0%(x1)  OP(a2) T OP(zn)

In order to determine, by the condition of minimum of that sum, the quantities \g,
A1, A2,... Ay, linked among them by the equations (1), we take the differential of them,



and, according to the ordinary process of the minima and maxima, we will equate it to
the sum of the differentials of the equations (1), each multiplied by some arbitraries j,
W41, fo,. .. [y, respectively. Equating next the terms which will have for factors d\g,
d\1, d)a,. .. d)\,, we find the (n + 1) equations.

%z po+1170 +paxd + . Ay T
#;1): po HH1T1 F o 4 L A T
(2) PR

%: fin N ZnAp2T5+ - A T

Reunited to the equations (1), equations (2) determine completely the n + 1 un-
knowns
)\07 )\11 )‘27"' )"na
and the m + 1 arbitraries
Ho, M1, K2, M-

Thus all the difficulty is restored to the solution of these equations. Here is the
particular process that we will employ in order to arrive there.

§2.

By putting

fio + i + pox® + .+ ppa™
p(x) = 5 ,

we transform the equations (2) into these here:

Ao A1 Ao
92(1'0) - ¢(.’E0), 02('2:1) - (b(ml)v s 92(37”) - (b(x’n)a
and we draw from them
3) Mo = 02(20)p(z0), M =02 (21)p(1),. .. Ao = 02 (20) P (T0).

Transporting these values into the equations (1), they take the form

0 (20)B(x0) + 0% (z1)B(x1) + ... + 0% (2)P(wn) = 15
0%(20)p(w0)xo + 0% (21)p(21)T1 + - . . + 0% (20) (1) = X5
0% (x0)p(z0)xg + 0% (z1)p(z1)1a? + ... + 0% (2,)p(wn) 2}, = X2



It is not difficult to note, under this form, that the first members are the coefficients
of 2, %, ... —, —ir, in the series one obtains by developing, according to the

decreasing powers of x, the function
0°(0)$(x0) n 0°(z1)d(21) 0% (zn)p(2n)

+ .o .
T — X T — 2 T —x,

The second members are likewise the coefficients of the development of

1
x— X

Consequently these equations are able to be replaced by the condition imposed on the
difference of the two functions
0% (z T 0% (z T 02(z,)(xn 1
(20)0lw0) , Pa)dler) | B(zn)olon)

.. and ,
T —xg T — T T — Ty rz—X

by not being contained at all in its development according to the descending powers of
z the terms in L, 5, . - —_ If therefore one sets this difference under the
form of a function % the degree of the denominator N will surpass the degree of the
numerator at least by m + 2. The preceding equations will be reduced therefore to

02 (o) (o) . 02 (x1) (1) Pan)an) 1 M

oo+ = —.
R T — T + T — Tp z—X N

s pmo pmIl-

On the other hand by setting, for brevity,

(x —xo)(x —21)(x —®2) ... (T — ) = f(2),

and designating by U the entire function, contained in the fraction %, one

knows, by the theory of the decomposition of rational fractions into simple fractions,

that
0@)o@)f (@) _,; , Pao)dle) | Cs@) | O @a)d@a)

f(z) T — T T — T T — Ty,

The equation formed just now will take therefore the form

0*(z)(x) f'(x) 1
flx) x—X

M
=N

or else, the equivalent

(z—X)f'(2)0*(x) U@x-X)+1 (z—X)M

7(@) T @ @

By being supported on this relation, it is not difficult to find the expression of the
function ¢(z).




We note, in fact, that the fraction % is of a degree inferior to the degree of

1
I ON

For ¢(x) represents the quantity

po + pax 4 pox® + o+ ™
2 )

and, hence, not able to be of a degree superior to m. At the same time the degree of IV

surpasses at least by (m + 2) the degree of M ; thus the fraction % is of a degree

inferior to the one of —.
()

Thence we conclude that in the relation above the fraction % reproduces

exactly the function %W at least to the term of degree ﬁ(m) inclusively,

that is to the term of which the degree will be the one of unity divided by the square
of its denominator. But, one knows, this degree of exactitude belongs exclusively to
(w—X)}f('(ﬂ)ﬂ)W(I)

the convergent fractions obtained by the reduction of into continued

fraction. Besides, in the sequence of these convergent fractions that which will follow
% will have necessarily a denominator of a degree superior to m. For, without
that, the difference

(x — X)f'(2)0%*(x) Ulx—X)+1

f(z) ¢(z)

will not be of a degree inferior to W

xm

as our relation supposes it

(- X)f'(2)0*(x) U@x-X)+1 (z—X)M

f(z) ¢(z) N

. —X)M
where, one has seen, the fraction %

(=m —1).
Thus, the fraction % will be found in the number of convergent fractions of

which one will form the sequence by the development of % by continued

fraction; and in this sequence the convergent fraction, which will come immediately
after, will have a denominator of degree superior to m; so that the fraction %,
of which the denominator is of a degree which does not exceed m, is necessarily the
last convergent fraction with denominator of a degree which does not exceed m, in

the sequence of convergent fractions resulting from the development of the expression
%

is not able to be of a degree superior to

, into continued fraction.
0
Seeking therefore this convergent fraction, if we represent it by 2@ "\we will have

. $o(z)’
the equation
Uz—-X)+1 ¢%)

o) dol)’
whence ¢o( \6(2)
Uz-X)+1= bo(@)



This equation supposes that the product ¢°(z)@o(x) is divisible by ¢g(z); and as
the properties of the convergent fractions require that ¢¥(z) and ¢q(z) are first among
them, ¢ (x) could not divide the product without dividing ¢(z). Representing by ¢ the
quotient of this division, we will have

p(x) = q¢o(x),
and this value, being in the equation which precedes, gives
Uz —X)+1=q¢°x).

In order to draw thence an expression of ¢(z), we will note that ¢(x) is not able to
be of a degree superior to m. If therefore the factor ¢o(z) is of degree m, the factor
q is reduced to a constant. It is easy to calculate it, for by putting z = X, in the last
equation, there results from it

1=q¢"(X) and q= ¢0(1X),
next finally,
~ ¢o(x)

Such is the value of the function ¢(z), when ¢g(x) is of degree m precisely. In
each other case, the degree of ¢ (z), being less than m, the factor ¢ of the expression

d(z) = qdo(x),

is able to receive for value any entire function of x, provided that the degree of the
product g¢o(z) not surpass m. Thus, in this case, there will be an infinity of values of
the sought function ¢(z). But if one agrees to take among these values that of which
the degree is least elevated, one will be anew obliged to take for ¢ a constant, and one
will find, as previously, for ¢(z) the value

_ Ho(=)
¢ (X))

According to the equations (3), the function thus determined gives
Ao = 0% (z0)p(x0), A1 = 0% (1)p(21),.. Ap = 0% () P(xn),

and these values are the coefficients of the formula

¢(z)

F(X) = MoF(x0) + MF(21) + MaF(x2) + ... + M\ F(z),

by which F'(X) is expressed by means of the particular values F'(z), F'(x1), F(x2),... F(xy).
Therefore one will have finally for F'(X) the expression

F(X)= (o) F(z0)+ ()

6? (In)¢0 (177,)

F(xy)+. ..+ ()



As for the quantities ¢o(), ¢°(z), one has seen that it suffices, in order to deter-
mine them, to reduce to continued fraction the function

(z — X) f'(2)0%(x)
f()

and to take, in the sequence of convergent fractions, the last of those of which the
degree of the denominator does not surpass m. The numerator of this last fraction is
¢°(z) and the denominator ¢q ().

The question that we ourselves have proposed at the commencement of the first
paragraph is thus resolved.

§3.

In examining the formula that we just found, we are not able to lack convincing us
that it must present important simplifications. Effectively, according to the nature of
the question, the sought function F'(X) must be represented by an entire function of
X, while the formula found by us contains the denominator ¢°(X) and offers a com-
positions such, that one not perceive how X will vanish from this denominator. This
results from that which the functions ¢°(z), ¢o(x) determined by the development of
(r*X)J{'(r)GQ(m)

T

the expression as continued fraction, contains X in their coefficients.
Finally to bring forth our value of F'(X) in a from which permits to see clearly the

composition of it, we are going to show in what manner one passes from the conver-

gent fractions of the expression F@)f (@) to the convergent fractions of the product

f(z)
w, and hence, to the fraction izgg .

For more simplicity, we admit that the continued fraction

ot ——

’ 2
resulting from the development of % contains only the denominators q1, g2,. . . of
the first degree in x; and that, hence, the convergent fractions

g aoq1+1  qoqig2 +q2+ qo

1’ o q1q2 +1

have for denominators functions of the degrees 0, 1, 2, ... We will represent these
convergent fractions respectively by

3
(V]

—
&

F()(.’E) 7T1(l')

Yo(x)  i(x)” talx)’

It is advisable to remark still that in the function f,(;ﬁ)if(x) the degree of the nu-
merator is able to be less, but by one unit only, than the degree of the denominator; that

which excluded certain special cases, depending on particular conditions among the



coefficients of the functions #(x) and f(x) and giving to the development in contin-
ued fraction a form such that many of the denominators ¢, ¢s,...could be of second,
of third degree, or of superior degrees. Moreover, it is easy to be convinced that this
exception could not exist in the fraction

qo +
qQ +

1

for none of the cases of ordinary interpolation, where xg, 1, Z3, ...x,, roots of the
equation f(x) = 0, have some real values completely different from one another, and
where the function 6(z), containing no imaginary coefficient, takes for x = x¢, x1,

Ta,... T, the finite values 1 s k s kl yees 1% Under this hypothesis, one has effectively,

1

by bemg served with the notatlon of Mr. Cauchy (Journal de I’Ecole Polytechnique

25th Cabhier), ,
oo ( (@R
3@(( @) ))‘”“’
I/ (2)6°(x)

and, according to the process which serves to determine the value of Bfgj ( (W) ) s

it is clear that for f(x) of degree (n + 1) it remains always inferior to (n + 1), if in the

fraction
1
qo +

q +

1

resulting from the development of %, any one of the denominators ¢;, g2,

qs,- - -is of a degree superior to the first.
Convinced by these considerations that the limitations that we have brought to the

form of the continued fraction deduced from the function f/(%ij(x), has no particular

importance at all, we are able to approach at present the determination of i gxg that is
of the last of the convergent fractions furnished by the development of the expression
(z — X) r (w)(e)(”) of which the denominators have no degree higher than m. We will
demonstrate that this fraction is expressed by the formula

Y, (X)Wm+1 (SC) — VYm+t1 (X)ﬂ'm (33)
ﬁ[wm(x)¢m+l(x) = Y () Pm41(X)]

in which 7™ E;g - Ei; designate the convergent fractions of the expression %‘g(w),

of which the denominators are of the degrees m and m + 1.
In fact, the composition of this formula shows with evidence that its denominator is

reduced to an entire function of a degree which does not surpass m. On the other hand,
(:v—X)]{('(ﬂ)v)t‘)Q(w)’

if we take the difference between this same formula and the expression

! The notation cannot be reproduced exactly. Cauchy indicates by it the contour integral.



we find
4 xr 2 €T Tm xr ’ xT 2 xT Tm (T
(£ — 28] 4 (X (@) = [ L5 = 328] s (X)m(a)
g;_lx [V (X)Vmt1(2) — Y (2) 41 (X))

and this difference is not able to be of a degree superior to the one of

1 1

x_lx[ m(X)QZJm-‘rl(I) 7wm(x)7/}m+1(X)} zm

For, according to the properties of the convergent fractions, the two terms

P (@) L (P@PE @
( @) ¢m+1<x>)¢’"“( ) ( @) %(m))”m”

are of a degree less than ﬁ(w), and, hence, than —-.

Thus, the fraction

¢m(X)Wm+1(x) - ¢77L+1(X)7Tm(x)
zjx[ m (X)Vm41(2) = Vi (2) P41 (X)]

which has a denominator of which the degree does not exceed m, will give exactly the
terms of the function
f'(2)0% ()

f(x)

to the term of which the degree is the same as the one of the expression

(z = X)

1 1

ﬁ[wm(X)qpm-&-l(I) = Y (2)Pm41(X)] zm

But this function is able to be represented with this exactitude only by the convergent
fractions that give its development into continued fraction, and only by those which
are followed by other convergent fractions of which the denominators have a degree
superior to m. Consequently, our fraction is to the number of these convergent frac-
tions, and as the degree of its denominator not surpass m, it is the last which possesses
a denominator of this kind and that we have designated by igg:; .

This conclusion permits us to replace, in the formula of the preceding paragraph

~602(z0)do(x0) . 62(z1)¢o(21) 02 (zn) o (21,)
FO) = =00 ) 500, ()

the expressions




by these here respectively

UJ()%X [Wm (X)m+1(20) =Ym+1(2)Pm (20)]
P (X) T 41 (X) =1 (X) 7T (X) ’

,_,1+X [Ym (X)Ymt1(21) —Pmt1(2)Ym (21)]
Ym (X)Tm41(X) = Pmp1 (X)Tm (X)

xn%x [ (X)hm+1(2n) = Pm41(2)Ym (Tn)]
Y (X) 41 (X) =Ymp1 (X)) (X) ’

But the common denominator of all these expressions is reduced to (—1)™ according
to the theory of continued fractions. So that the formula which gives F'(X) is brought
back to the form

m wer(X)¢m+1 (330) - wm—&-l (Cﬂ)ibm(l‘o)

FX) = (1) 0% (o) F (o) +

o — X
(—1)771 wm(X)¢m+1(w;1) :;/}(m+1($)’(/)m($1) 92($1)F({E1) +
(—1)m wm(X)wm+1(xx7Ln) : ﬁﬂﬂ*l(l’)wm(‘xn) 02(xn)F(xn)

One is able to write it under this brief form:

S Y (X) o1 (26) = Y (@) (17)
F(X)=(-1)"Y B 0 (@) F (7).
i=0 T —

Here is therefore a new formula proper to the determination of F(X) by means of
the values of F(zg), F(x1), F(x2),... F(xy,). It is constructed by aid of the functions
Ym (x), Ymy1(x), which are the denominators of two of the convergent fractions ob-

’ 2
tained by the development into continued fraction of the expression %. From
the composition itself of this new form one concludes immediately that it is also an

entire function of X.
84,

Now we are going to show how the series, of which we have spoken in the Note pre-
sented last year to the Academy, is deduced from this formula; and it will serve us
also to the explanation of some properties of the functions g (z), ©1(x), ¥a(z)...,

determined by the development of fl(%ii(x)

The formula that we just found gives F'(X) under the hypothesis of the form

in continued fraction.

F(z)=a+br+cx* +...+gz™ ' + ha™.

We will represent this value of F'(X) by Y;,,, and by Y,,,_1, the value of F(x), which
will be deduced from the hypothesis, where F'(X ) will be expressed by
F(z)=a+br+cx*+... +gz™ L.

11



The new formula will furnish the following two values:

Y,, = (_1)m il ’(/}m(X)merl(w;) : Xm+1(X)wm<xi) 92(3%)1_7(1%)7
i=0 '

“

_ (_1)m—1 i ¢mfl(X)¢m($;) ::(f(m(X)wmfl(xl)QQ(xl)F(xl)
=0 v

Taking the difference of these values, one finds

Ym_ m—1 =

1y 3 EnOWimia () = s (2] = Vi (@)1 () — oma (X))
=0

i — X 92(332)F(xl)

The properties of the functions ¥, 41 (), ¥ (), ¥m—1(x) permit simplifying notably
this difference. These functions are, in fact, the denominators of convergent factors

’ 2
resulting from the development of the expression £1(2)0"(z) into a continued fraction.
g p P F(@)

1

qo +
q +

q2+

in which the denominators

q17q27'~~Qm7qm+1,...

must be, by hypothesis, linear functions of the variable . One has therefore conse-
quently

q = A+ By,
g2 = Ayx+ By,
dm+1 = Aerl:E + Bm+1;

Hence, the general rule for the formation of convergent fractions gives

merl(x) = qm+1wm($) + ’(/Jmfl(l')
= (App® + By 1)Ym () + Ym_1(x);

and thence
%n+1($) - ¢m—1(9€) = (14m-‘,-15tj + Bm+1)¢m(£)

12



Changing z into z; and into X, there results from it

¢m+1(xi) - Qz/jm—l(xi) = (Am+lzi + Bm—‘—l)wm(xi)a
wm—&-l(X) - 1)bm—l()() = (Am-',-lX + Bvrz+1)w7n(X)~

If one transports these values into that of the difference Y,,, — Y,,_1, one obtains
Taking the difference of these values, one finds

Yo = Ymo1 =
1y i‘ Yo (X)W1 (@) [ A1 + Bm;}]_ - );/Jm(xi)ibm(X)[AmHX Bl g2 i)
i=0 !

or, by reducing,

Yin = Y1 = (=1)" A 19m (X Zdhn ACHE
We put into this relation m = 1, 2, 3, ..., (m — 1), m successively, we will have

i-Yy = —Ah(X) izznilil(ﬂfi)@Q(xz‘)F(xi);

i=0
Yo=Y1 = Aza(X) izzn%(l’i)ez(xi)F(mi);
i=0
Vi1 =Yoo = (=)™ Apthpoa(X) 3 Dm—1(2:)0% () F (2:);
i=0
Yo = Y1 = (=1)"Api1¢m(X) 3 U ()07 () F (2:);
i=0
and the sum of these equations will give
Yin =Yy = —Ar(X) ii:n% (€:)0% (i) F(2:) + Astpo (X i VF ()
=0 =0

i=n

o ()T A1 (X)) Y 1 (24)0 () F ()

o

()™ A 1o (X) S s ()62 () F (7).

i=0

13



Y,,, will have for value

Yoo = Yo— Asn(X Zwl ()07 () F () + Agtpo(X sz *(wi) F(x;)

............ + (=D)™ Ay 1% (X) i V1 (23)0% () F (7).
=0

In order to determine the quantity Y, we make m = 0, in formula (4), we find

Yy = il Yo (X )1 () — 1/)1(X)¢0(9Ui)92(xi)F(

Xr; —

l‘i)
i=0
to(x), 11(x) designate the denominators of the first two convergent fractions of the
’ 2
expression W, of which the development in continued fraction has received the

forms
1 1
Go+————F——=q+

1 1
qQ +

Ayx+ By +
g+ - ! ! Asx ++By+ -+

There results from it
Yo(z) =1, ti(x) = A1z + By;
and the function Y, becomes

n

Alxi + Bl — AlX — B1

Yy = i — 0% (2:) F (x:)
i=0 ¢
= AliHQ(xl)F(xz)
i=0

that one is able to write
Yo = Arpo(X 21/)0 2:)0° (2;) F (),

provided that one is reminded that ¢y (z) = 1.
By means of this value, the preceding expression of Y,,,, or of the value of F'(X)
under the hypothesis

F(z)=a+br+cx®+... + g™ + ha™,

takes the symmetric form

Vi = Autho(X) S o()0% () Fl(w:) — Asths (X) S 61 (0:)0% () Fla) + ...
i=0 1=0
oA (D)™ A1 (X) 3 U (24)02 (25) F ().
1=0

14



In this expression the functions (), 11(x), P2(z),...and the constants Ay, As,

As...are determined by the development of the function f’(%(f)(r) in a continued frac-

tion of the form
1

qo +
q1 +
q2 +

1

The functions ¥ (x), ¥1(x), 12 (z),. . . are the denominators of the convergent fractions
that one deduces from this continued fraction; and the constants A, Ao, As...are the
coefficients of x in the denominators q1, q2, ¢s,. ..

In the particular case for which the law of errors is the same for all the quanti-
ties F'(xo), F(x1), ...one is able, conformably to §1, to take all the values ko, k1,
ka,...equal to 1, and hence the function 6(x), determined by the equations

1 1 1

0(xzo) = k—o, 0(zq) = W O(z2) = T

is itself reduced to unity. The formula found above takes therefore then the form

Vi = Ario(X) S () Flws) — Azthr (X) 3 o1 (20) F(ai) + ...
=0 i=0

A ) A 18 (X) S ) F ()
=0

Here ¢o(z), ¥1(x), ¥2(x), ..., A1, Aa, As,...are determined by the continued

fraction that gives the function ]} ((;)) . It is of this series that we have spoken in the Note
already mentioned.?> But at present we ourselves will not be limited to this particular
hypothesis, which reduces the function §(z) to unity, and we will consider the series

in its general form. We will thus be led to some curious propositions on the functions

Yo(z), ¥1(x), a(x), ...

85.
It is not difficult to see that if the quantities
F(xg), F(z1), F(za2),... F(ay)
are determined exactly by the formula

F(x)=a+br+cx®+...+gz™ ' + ha™,

2The Note of Mr. Chebyshev, with date of 20 October (1 November 1854), contains effectively only
this particular formula. The two pages of this Note are reproduced in its entirety, with the exception of the
corollary that is here:

“In the particular case of zg = %, 1 = ”T*Q, To = "T"l, ey T = %", and of n infinitely great,
this formula furnishes the development of F'(x) according to the values of certain functions that Legendre
has designated by X™ (Exerc, part. V, §10) and which are determined by the reduction of the expression

log £+L in continued fraction.” [Note of Bienaymé.]
x—1
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our series will give the exact expression of this function, whatever is able to be the
function 6(x). This is that which becomes evident, if one notes that the series results
from the formula

F(X) = AF(20) + MF (1) + ... + AF(2n),

and that according to one of the conditions which fix the values of the factors Ao, A1,
A2, ... Ap, the following equations must be satisfied:

Ao AN A N, =1
Aoz +Ax1 HAexe 4 ...z, =X,
XoZo?+ M z1 22+ Xowoz? + . A Npwp2?= X2,

Aol +M2T Aozl 4. AApa = XM

Now, by virtue of these equations, the sum

when one replaces the quantities F'(xo), F(x1), F(x2),... F(z,) by their value drawn
from the equation

F(z)=a+bx+cx®+... + g™ " + ha™,

is reduced to
a+bX +cX?+ .. +gX™ 4 hX™,

an exact expression of F'(X), after the hypothesis itself
F(z)=a+br+cx®+ ...+ g™ ' + ha™

When therefore if the concern is of an entire function F'(X), the formula of the
preceding paragraph permits to represent it thus:

F(X) = Ai1¢o(X) iwo(%)igz(%)F( — Aopr (X Zi/ﬁ ;)07 (z;) F(24)
i=0
+...+ (_1)mAm+1¢m Z wm -Tz (mz)
If we make
F(.Z‘) = ¢m(30)7
we will find

1Z)ﬂl( Ale Zwo l'z m’L ¢m($z A27/}1 Zwl 1’2 xz d}m(xz)
o (D) A1 (X Zwm (2:)6%(;)

16



or else, by setting all the terms under one member alone,

Agtol(X) S o) ()02 (1) — Agths (X) S 61 (20) o ()02 () + . .

i=0 =0
e (LD Ay SR (00)6% (1) — 1] = 0.
=0

But as the functions ¥ (x), ¥(x1), ¥(x2),..., are respectively of the degrees 0, 1,
2,3, ..., the preceding identity supposes that each of its terms vanish separately. One
has therefore, from all necessity,

(—1)m_Am+1 S 2 ()0 (2;) — 1 =0,
Am Zzzg 1/Jm71(fri)¢m(xi)02 ({El) =0,

Ui ()07 (x;) =

)

Am+1

[}

1=

and, by observing that the coefficients A,,,, ... As, Ay each differ from zero, the other
relations make conclude that

S e () ()0 (25) = 0,

©) S (o (12)62 () = O,
0.

Szt Yo (@) tm (2:)0% () =
It is thence manifest that, for m’ different from 1, the sum S/ =0 ¢, (23 )t ()62 ()

is equal to zero. If on the contrary m’ = m, this sum is equal to (Aflz: as one has seen
just now. One has therefore for the coefficient A,,, 1 the value

A1 = —— (=™ .
Dico Vi (2:)0%(2:)

One deduces from it for all the other coefficients A

Ay

S
T S vEEIe @)
T I i) @)

_ (=™
Ami1 = SR R

1=0 m
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If one introduces these values into the formula
i=n

F(X) = Aigpo(X) Y volai)0® (i) F (i) — Agthr (X Zwl ()07 () F ()

=0
+ . (_]-)mAm+1wm Z wm xz Z (xl)7

it takes the form
(6) :
T; x;)F(x;) T F(x;)
F(X) = Sty o) + B (0 +
Zi o wm( 0% (@) F(x:)
S vnErE )

The composition of this formula shows that it does not change in value, when one
introduces some arbitrary constant factors into the functions g (), 11 (x), P2 (z), etc.
It will be therefore possible to take in order to determine these functions the develop-

ment of % in a continued fraction of the form

L/
L//

whatever are able to be the constants L', L”, etc. One knows effectively that the terms
of the convergent fractions deduced from any one expression by the development of
this expression in continued fraction from one of the two forms
r 1

77 qo + 1
Q1+

differ only by the constant factors.
In precisely the same manner the equations (5) remain completely exact for the

qo +
q +

qo +
q +

functions g (), ¥1(x), ¥ (x), etc., determined by the development of r (r)( )(m) into
a continued fraction of the form
L/
9o + "
Q1+
1 q2 + e

for they will be not at all altered by the introduction of any constant factors in the
functions 1o (x), ¥1(z), 12(x), etc. Thus by proceeding actually to the applications
of formula (6) and of equations (5), we will not be arrested at all by the supposition
made first in the preceding paragraphs and according to which the numerators L', L”,
etc. must be equal to unity in the continued fraction

L/
L//
q2 +

qo +
qQ +

18



which serve to construct the functions ¥y (z), 11 (), ¥2(x), etc.

By virtue of these equations (5), there exist yet some remarkable relations among
the functions g (), 11 (), ¥2(z), etc. and one arrives without pain by aid of formula
(6), by comparing it for m = n with the formula of interpolation of Lagrange.

For m = n, in fact, formula (6) gives to the expression of a function of the nth
degree, by the values that it receives for some values of the variable * = xg, z,
To,... X, the form that is here:

= x;)0%(x;)F(x; ;)0 (x;) F(x;)
0 = B )« 0 0
E; "1[%(@)0 (x4) F(x4)
s e ee )

The formula of Lagrange expresses the same function by the form

i=n 7(51 *.%2)...(X*Ii_l)(Xf.ZH_l)... 4
Z (z; — x1) (i — 22) - - (fﬂi—a:iq)(xi—xiﬂ)...F(xl)'

=0

The identity of these two expressions, whatever are able to be the values of F'(xg),
F(z1), F(z2), ..., F(zy,), requires that the terms which have these functions for fac-
tors are the same in one another. If therefore one compares the terms which multiply
F(x;) one will have the relation

Z’LZH (Xfajl)(Xfwz)..‘(Xfwifl)(Xfer,l)... —
1=0 (z;—z1)(T;i—T2)...(Ti—Ti—1)(Ti—Tit1)...

o ()6 ( v (20)6° (1) Y (24)0
S0 vi(a: sy Yo(X) + S B ey V1) T T S=rae nwz(a«)”’"( )-

If one makes X = x,,, provided that 7 is not equal to 4, one obtains
__ Yo(z:)0?(x:) r ()07 (2:) (@ L Unl@)0?(@i)
I R (@) 02(x) Dlizo Vi (@)0? (x:) Yizo Va(:)0% (i)
By the introduction of the factor 9((‘70”)) one is able to write this expression in the
following manner:

Yo(zn)+

_ bol@)fla)o(@n)b(a) | @)@ @)0) | bale)@) b (w,)0(ay)
Dlizo V3 (xi)0? (x:) Dlizo VE(@)0?(x:) Yizo Y (xi)0?(x:)
Making on the contrary X = z;, we will have
{— :/i(xi)ez(xi) i iﬁ(%)QQ(l’i) o n Z_ﬁ(%)m(fﬂi) .
Yizo Yo (@i)0(ws)  3oig v ()02 (i) >izo Vn(@i)0%(z:)
86.

These equations, reunited to the equations (5), establish a remarkable propriety with
the functions determined by the formula

Un)fls)
\/Ez an xl 92(1'1)
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We designate these functions by ®,,,(z); the equations constructed just now will

give to us
m=n

(I)m(xi)q)m(xn) =0,
0

m

as long as n differs from ¢, and

3
I

n

D, (2) P () = 1,

3
I
o

forn = 1.
According to the form of the function ®,,,(z) and the equations (5), it is easy to

note that .
=n

Z (I)m(mi)q)m/ (-rz) =0, orl,

i=0
according as m, will differ from m or will be equal to m. For the sum of which there
is concern must, by the substitution of the values of ®,,(x), ®,,, (),

Yo O <wi><1>m/(a:i>92<xi>
\/ZL o V2, (:)02(x \/z ()02 ()

Now, according to equations (5), the numerator is annulled if m, is not equal to m;
and if m, = m, it must be equal to the denominator, that which reduces the fraction to
unity.

These properties lead to another which the function yet possesses

@)
¢z DR, ()02 ()

composed with the functions ©g(z), ¥1 (), ¥2(x), etc., which serve as denominators
’ 2
to the convergent fractions deduced from the development of the function W

into a continued fraction of the form

)

L/
L//
q2 +

If from all the values of the function ®,,(z) obtained by making m =0, 1, 2, ...,
n and x = xg, X1, T2,... Ty ONE composes the square

qo +
qQ +

@0(3’}0), @0($1), (I)()(.’Eg),... (I)Q(J,‘n),
@1(1‘0), <I>1(:v1), (I)l(.’l,‘g),... <I>1(a?n),
(I)Q(xo), @2(%1), (I)Q(l‘g),... @2(.%”),
(I)n(z0)a <I>n(:171), (I)n(IQ)v o, (In)a



the sum of the squares of the terms of any rank, horizontal or vertical, will be equal to
unity; the sum of the products of the corresponding terms of two horizontal or vertical
ranks will be equal to zero.

The construction of squares of this kind makes the subject of a Memoir of Eu-
ler entitled: Problema algebraicum ob affectiones prorsus singulares memorabile (N.
Comm., t. XV).

§7.
Equations (5) demonstrate yet easily a particular property in the functions

wl(l‘), ¢2($), Zﬂg(m), .

compared to all the functions of same degree and of same coefficient of the highest
power of x: for these functions the sums

K2

3
.
I
3

1=

7 (:)0% (), P (:)0% (), U3 (:)0% (), . ..

=0 i=

<
o
I

=3

have the smallest value possible.
In fact, as the functions g (), ¥1 (), Y2 (x),. . ., ¥, () are respectively of degrees
0, 1, 2..., m, each entire function V' of the degree m is able to be expressed thus:

V = Adpo(x) + Bipr(x) + Cpo () + ... + Hpm (2).

But here it is necessary to take H = 1, since one supposes that the coefficient of
2™ is the same in V' and in ¢),,, (). One will have therefore under this hypothesis

V = Ato(z) + Bihi(2) + Ctos(a) + ... + v ().

The concern is to find the values of the coefficients A, B, C, etc., which renders a
minimum the sum

iZ::ZVQHQ(xi) = i[flwo(wi) + B (i) + Oz (@) + .« + Yo (24)]20% (1)
ir_he known procejs_s of the differential calculus gives us the following equations:
2 IA:Z[A%(%) + By () + Oz (@) + .o+ W (@0) [0 (2:)0% (23) = 0,
2 Z:Z[Awom) + By () + Ca (@) + .-+ (@) (22)0% (23) = 0,
2 Z:Z[Awom) + B () + Ca (@) + -+ W (20) ]2 (2:)0% (23) = 0,



Equations (5) reduce them to a single term

i=n

~
[}

2Bi¢%(zi)92(:ﬂi) = 0,
=0

whence one draws
A=0, B=0, C=0,...

Thus the conditions of the minimum of the sum >_'=¢' V262 (x;), when V is of the
form

Apo(z) + Bi(x) + Ciba(z) + ... + Y (),

are

and, hence,
V =Y (x).

One demonstrates still without difficulty that if one employs formula (6)

Zﬁzg@o(wi)m(ffi)F(fci) n Zﬁzg_¢1($i)92(xi)F($i)
D im0 Yo ()02 () Dico V7 ()02 ()
L Zizgliﬁm(%)@Q(Ii)F(xi)
Dio Vi (2:)0% ()

to determine by approximation any function F'(X), one will obtain in order to express
it an entire function of degree m such, that the sum of the squares of the differences
between the values of this entire function and the corresponding values of F'(X) for
X = 20, 21, T3, ..., T, each multiplied by 62 (), 60%(z1), 6?(x2), etc., respectively,
will be a minimum.

We represent effectively the function sought under the form

Po(X)

P1(X) + ...

Pm(X)

Apo(X) + Byr (X) + Cpa(X) + ... + Hippp(X)

and we choose the values of the coefficients A, B, C, ..., H for which the sum
> [F(wi) — Ao (i) — B (i) — Coa(@i) — ... — Hp (2:)]%6% ()
i=0
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will be a minimum. We will find the equations

22 — Ado(a) — Bon(w:) — Oun(as) — ... — Hob ()P0 (@)%
22 — Ado(a) — Bon () — Oun(as) — ... — Hib ()P0 ()%
> gﬁmi) — At () — Bibs () — Cba(s) — ... — Hob ) abal:)0° ()
zgmm — At () — By (1) — Ctbals) — ... — Htb () (2:)0° ()

By virtue of the relations (5), these equations are reduced to the form

=0

=0

23 Flaa)s (20)02(ws) —2BS 9262 (z) = 0,

1=0 =0
23 Fla (e () — 20 W) w) = 0
=0 =0
ZE () (15)0% (25) —2HZ¢ z)0%(x;)) = 0,
1=0 1=0
whence
A — Zico bo(x)f (@) F(x:)
Yoo VA (@)% (zi)
B _ iz Y@ (z)F ()
Yoo V@)% (wi)
o _ Sisgve(@)*(@)F(x)
Yoo V303 (zi)
o g Ym(@)f (@) F(z)

Soiso U (2:)02(x:)
In reporting these values in the expression

Ao (X) + By (X) + Cha(X) + ... + Hop (X)),
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we find, conformably to that which has been advanced, that the formula sought for
F(X) is precisely

Zzg}%(%)@?(mi)fr(%) X S0 (20)0% () F () (X
e Pl S5 VR e
ST IR 5 ey e R
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