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As Mr. Faye has remarked, the new method of interpolation that I have given,
in a Memoir lithographed in 1835, is able to be usefully applied to the evaluation of
unknowns determined by a great number of approximate equations of the first degree.
We enter into this subject in some details.

We consider m unknowns represented by the letters

'x)y)z7 "'7u7v7w’
and we suppose that, n being a very great number, one gives the approximate values
ki, ko, ..., ky

of n linear functions of these unknowns, for example of the functions represented by
the polynomials

aix+biyy+ciz+---+hw, ax+by+cz+--+how,...,
apx+bpy+cpz+- -+ hyw.
The exact values of these functions will be of the form
k1—8], k2—82,..., kn—é‘n,

€1, &, ..., &, designating some quantities of which the numerical values will be very
small; and one will have rigorously

aix+byy+ciz+--+hw=k; —ég,
" ax+by+crz+--+hw=k —&,
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Let now x be that of the unknowns x,y,z,...,w for which the numerical values of
the coefficients offer the greatest sum. We designate this greatest sum by Sa;, the letter
i designating any one of the numbers 1,2, 3, ..., n; and let

Sbi, SCi,..., Sh,'

be that which Sa; becomes when one replaces the coefficients

ay, az,..., a
[1115] by the coefficients

bi,by,....by; Or C1,C2y...yCny...y OF hy hy, ..., hy.
One will draw from formulas (1)
2) xSa; +ySb; +zSc; + - - - +wSh; = Sk; — S&;.

By aid of this last formula, one will be able to eliminate x from equations (1), and by
putting, for brevity,

ai
3 o=
( ) ' Sai’
@) b; — o;Sh; = Ab,’, ci— o;Sc; = AC,’, R h; — a;Sh; = Ah,’,
ki — Ol,'Sk,' = Aki, & — OC,'SE,‘ = AE,',

one will obtain, instead of equations (1), the following:

YAb| +zAc1 + - +wAh = Ak — Agy,

) YAby +7Acr + - - - +wAhy = Aky — A&,

YAb, + zAc;, + - - - +WAh, = Ak, — Ag,.

Let now y be that of the unknowns y,z,...,w for which, in the first members of
the equations (5), the sum of the numerical values of the coefficients is the greatest
possible. We designate by S’'Ab; that greatest sum, and by

S'Ab;,..., SAh
that which that sum becomes, when one replaces
Aby, Aby, ..., Ab,

by
Aci,Acy, ..., Acy;...; orby Ahy, Ahy, ..., Ah,.

One will draw from equations (5)

(6) VS'Ab; + 78 Aci + - - -+ wS' Ah; = S'Ak; — S'Ag;.



By aid of that last formula, one will be able to eliminate y from equations (5), and by
putting, for brevity,

Ab;
7 ;=
) Pi=San
(8) AC,‘ — ﬁ,’S/AC,' = A2Ci, ey Ahi — ﬁiS/A/’l,' = A2h,’,
Ak; — BiS'Ak; = A’k;,  Ag; — BiS'Ae; = A’g;,

[1116] one will find

A2¢) + -+ wAPhy = Ak — Ay,

© ANy 4+ wAZhy = A%ky — Aey,

A%y + -+ wWAZh, = Ak, — A%E,.

By continuing in the same manner, one will obtain definitely, in the place of equa-
tion (1), a system of equations of the form

WA hy = A" — A ey,

WAy = A"y — A ey,

(10)
WAm_lhn — Am_lkn 7Am_18n;

next, by designating by S"~UA"1h; the sum of the numerical values of A"~ 'hy,
A" hy,..., A" h,, and by

St=DAm=1k, or by SU—DAm g,

that which S(m’l)Am’lhi becomes when one replaces k1, hy, ..., h, by
ki,ky,....k, or ¢€,&,...,&,

one will draw from formulas (10)

(1) wSm=D A=, — glm=1) ym=1 g glm=1) ym=1 ¢

Finally, by eliminating w from equations (10) by aid of formula (11), and putting, for
brevity,
A1 h;
(12) W= ST pm=1p,
Amki — Amflki _ niS<m71)Am71kl’,

(13)
AmSi — Am_lé‘i _ niS(m_l)Am_lgi,



one will find

(14) 0=A"k —A"¢,...

consequently,

15) A"e; =A%k, A&y =A"ky,..., A"g, =A"k,.

These last equations determine completely the values of A™¢g;, A"g,, ..., A"g,, that is

to say the diverse values of A"¢;. If, for brevity, one puts

(16) 0; = A"k;,

[1117] one will have generally, by virtue of formulas (15),

a7 A"g; = 6;.

If, besides, one puts

(18) A=Se, u=SAg,..., ¢=S8m"Hamlg,
one will draw from formulas (4), (8), ..., (13), (17)

(19) &= A+ B+ %v—+--+ng+ 6

By virtue of formula (19), the value of & depends on the values of the m sums repre-
sented by the letters

)‘7“7vu--'7g'

The most simple hypothesis that one is able to make on the values of these same sums
is to suppose them null, that is to say to take

(20) Se=0, SAg=0,..., Sm A" lg =0,
Then one has generally

21 & =0,

and the formulas (2), (6), ..., (11) give

xSa; +ySb; + - - - +wSh; = Sk;,
yS’Abi +- WS’Ah[ = S/Ak,',

(22)
WS(mfl)Amflhi — S<m71)Am71k[

These last equations are those to which the method of interpolation already cited leads.
They furnish, for the unknowns x, y, z, ..., w, the values that one is able to easily calcu-
late, by beginning with w. These values, which are only approximate, enjoy remarkable
properties indicated in the Memoir on interpolation. If one designates them by x, y, z,



..., W, if, besides, one names &,7,{, ..., ® the errors that they involve, one will have
rigorously
xSa; +ySb; +zSc¢; + - - - +wwSh; = Sk;,
yS'Ab; +28' Ac; + - - - +wS' Ah; = S'Ak;,

@)y
wSm=DAm=1p, = gm=1 Am=Tg,

and

(24) x=x—-&, y=y-1n, z=2-§,..., w=w—0;

[1118] and, from equations (2), (6), ..., (11), joined to formulas (18), (23), (24), one
will draw!

ESa;+nSbi+ESci+ -+ wSh; = A,

T[S/Ab,' + CS/AC,‘ +- -+ 0SA = u,

(25)

It is good to observe that by virtue of the formulas (3) and (4), (7) and (8), etc., one
has generally

Soy =1, SBi =0, §%=0,..., 56; =0,
S/ﬁ»zl, S/V:O7..-, S/9'207

(26) ' ,/l //l
S’)/izl,..., Sei:()v

This put, one will draw successively from formula (19)

Se; = )L,
S'e=AS" o+,
27 §"e; = A8" o4+ puS'Bi+v,

SV = A8 Doy 4 usm=YB; 44 g,

and one will be able from formulas (27), joined to equations (25), draw first the values
of the coefficients

AU, V.G,
next those of the errors
§7naC7"'awa

in a manner to obtain these diverse values expressed in linear functions of the sums

Se;, S/E,', ey S(m_l)&‘i,

Yranslator’s note: Tn formula (25), Cauchy gives y rather than n.



or, that which reverts to the same, in linear functions of the errors
€, &,..., &.
By operating thus, one will arrive to some equations of the form
E=Cbiea1+&er+--+ 88,
(28) N=N&+MN&+" -+ Nuy&,

w:w16]+ab£2+"'+wn£n7

(11191 &1, &,y &Mty M2y - vy M @1, @, ..., @, being some quantities of which
the values will be given in numbers; and, by aid of these equations, one will be able to
form an idea of the degree of precision with which each of the unknowns

Xy V25 ooy W

is determined by formulas (21), or, that which reverts to the same, by the equations

(29) X=X, y=Y, 2=2Z,..., W=W.
In fact, the errors
é’n’C7"'7w)
that one will commit in taking X, y, z, ..., w for values of the unknowns x, y, z, ..., w,

will be equivalent, by virtue of formulas (18), to some linear functions and determined
from the errors

€, &,..., &;
and, hence, the limits that the numerical values of £,1,,...,® will be able to attain
will depend on the limits that the numerical values of €, &,..., &, will be able to
attain.
We imagine, in order to fix the ideas, that the quantities &, k2, ..., k, are all of the

same nature, and that, in the determination of each of them, the error to fear is contained
between the limits —& and €. Let, besides, E be the sum of the numerical values
of the quantities &1, &, ..., &,; H the sum of the numerical values of the quantities
N1, N2y- -y M - - -3 Q the sum of the numerical values of the quantities ®;, @y, ..., ®,.
By virtue of formulas (28), when one will take x, y, z, ..., w for approximate values
of the unknowns x, y, z, ..., w, the numerical values of the errors to fear will have for
limits the products
Ee, He,..., Qe.

Hence, if, beneath the unknowns
Xy Yy Ty ooy W

one writes the corresponding numbers



then, to a greater number will correspond an unknown for which the limit of the errors
to fear will be more considerable. The respective magnitudes [1120] of the inverse
numbers

1 1 1

=) ﬁv cey 57

will furnish therefore an idea of the precision with which the unknowns

(30)

'x7y7z7"'7w

will be determined by formulas (29).

One will form a more exact idea yet of this precision, if, instead of supposing the
numerical values of the errors &1, &,..., &, inferiors to a certain limit € that they are
not able to pass, one considers each of them as being able to attain in rigor any numer-
ical value, but with a probability that decreases very rapidly when this numerical value
begins to increase, and if one takes for =, H, ..., some numbers proportional to those
which would express then the respective probability of the lowering of the numerical
values of the errors &,7,...,®, below a common and infinitely small limit. This is
that which I myself propose to explicate more in detail in another article, by research-
ing how the numbers Z,H, ..., Q would depend then on the coefficients &, &, ..., &,;
N M2 -5 My Oy, @2, - -5 Wy

Before terminating this article, we will remark that of the values of x,y,z,...,w
furnished by the new method of interpolation, one is able easily to deduce those that
the method known as least squares would provide. One will arrive to it, in fact, by
operating as follows.

We designate by ):81-2 the sum of the squares of the errors

€, &,..., &;

In order that this sum become a minimum, as the method of least squares requires, it
will suffice to attribute to the quantities

l?“"/?"'?g?

contained in the second member of formula (19), some values which verify the linear
equations

Zo(0id + Bikt + %V +- -+ Mg+ 6,) =0,
EBi(cid + B+ v+ + 15 +6;) =0,

(oA +Bin+yv+-+n5+6)=0.

(€29}

Besides, the diverse values of 6; being generally very small, one [1121] will be able to
say as much of the values of A, i, v, ..., ¢, and, in calculating them, one will be able to
express each of them by aid of a very small number of significant digits. This circum-
stance will permit to resolve easily equations (31). The resolution being effected, the
values of the unknowns x, y, z, ..., w, will be furnished by the equations

(24) x=x—-§&, y=y-n, z=z-§,..., w=w—w;



the corrections £,1,, ..., ® being themselves determined by the system of equations

ﬁSa,- +nSb; + CSCi +--+0Shi=A,
NS'Ab;+ S Aci + -+ @S Ah; = i,
(32) CS"A%ci+- -+ S A’hi = v,

oS VA = ¢

By virtue of equations (31) and (32), the corrections &,1,, ..., ® will offer some
numerical values which will be in general sensibly inferior to those of the quantities
61, 6,, ...,0,. The reason for it is that the coefficients of A in the first of the equations
(31), of u in the second, etc., of ¢ in the last, that is to say the sums

EOC,»Z Eﬁizﬂ ceey Enzza
will be composed of terms which will be all positive, while the other coefficients and

the sums
Lo;6;, XBi6;,..., In6;,

will be composed of terms which will be in general positive ones, the others negative.
Therefore, seeing that the numerical values of the quantities

0, 6,..., 6,

will be generally very small, one will be able to say as much a fortiori of the numerical
values of the quantities

)*al'lvva"'ag»

and of the quantities
g?”aév"'awa

which will be deduced successively from the first by aid of equations (31) and (32).
One must not be surprised therefore to see the results which [1122] the new method of
interpolation furnishes to coincide in general very nearly with those to which one is led
by the method of least squares.

We remark again that one could apply to equations (32) the method of resolution
employed for equations (1). This application will be so much more easy, as the numer-
ical values of the quantities

6, 6 ..., 6,

will be smaller. In fact, when these numerical values, and for stronger reason those of
AW, Vv,...,¢, will be very near to zero, one will be able ordinarily, in the calculation
of these last, to stop after the determination of a small number of decimal digits, for
example one or two significant digits.



