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299. We are going to give a list of the degrees on which one I tabform no
reasonable doubt. The numbers of the first column mark the sheach degree in
particular, so that one is able to designate each by its thokg of the second indicate
the latitude of the corresponding degrees; & those of thel thihe magnitude of the
degrees, expressed in toises. The first degree is the oné Waicbeen measured in
Lapland. | have drawn it from the work that Mie Maupetuidias published on this
subject; but as one has not had regard at all to refractioay¢ subtracted 16 toises
from it, according as it is practiced today in regard to thegme. The eleven degrees
which follow are drawn from the Book of MCassini de ThuryentitledMéridienne
vérifiee the thirteenth is the one that we have measured; the fothtégdrawn from
the works of Mr.Bouguer& Mr. de la Condamingby taking a mean; the fifteenth,
from a small pamphlet of Mr. I’Abbée la Caillewho has measured it.

Latitudes D egrees Latitudes D egrees

in toises in toises

1 6620 57422 9 45 45 57050

2 49 56 57084 | 10 45 43 57040

3 49 23 57074 | 11 44 53 57042

4 49 3 57069 | 12 43 31 57048

5 47 58 57071 | 13 43 1 56979

6 47 41 57057 | 14 00 56753

7 46 51 57055 | 15 -33 18 57037
8 46 35 57049

To these degrees of meridian one is able to add the degreepédithllel that MrCassini
de Thury& Mr. 'Abbé de la Caille have found of 41618 toises, in the latitude of
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300. This will give already the means to make a number of coisas, since

10ne is able to add today yet other numbers which have relaioew measures made some in Italy by
Fr. Beccaria the others in Germany by Hriesganig & which are drawn from the manuscripts sent from
Turin & from Vienna The measures of Atiesganigare actually imprinted; those of Beccariawill appear
at the end of the collection of his works which are equallyemuatess.

The latitude ofMondaviis 44°,23,53"; that of Turin 45°,4’,14"; that of Andrateof 45°,31/,18".

One has found in toises faris, betweenMondavi& Turin, 38680; betweefTurin & Andrate26140 .
Andrateis situated at the foot of a rather high mountain, & which oe seitle is the beginning of one of the
grossest & the highest of the Alps, situated toward the ndftom these measures & from these latitudes
one draws the following table.

Amplitude Measure of the arg Value of the degree
BETWEEN L ) N :
of the arc in toises ofParis in toises ofParis
MoONDOVI & T URIN 40 41" 38680 57075
TURIN & ANDRATE 27 4 26140 57990
MONDOVI & ANDRATE | 1°7 45 64820 57405

The latitude ofViennain Austria is 48,12. The toise ofviennais to that ofParis, as 100000 to 102764.
From this ratio, & from the measures, & from the interceptezs aone draws the following table.

Amplitude Measure of the ard Value of the degree
BETWEEN . . . . -

of the arc in toises ofVienna in toises ofParis
VIENNA & SOBIESCHIZ 1° 22907 61092.5 57082.3
VIENNA & BRUNN 0 58 53.5 57585.0 57090.8
VIENNA & GRATZ 1 8248 66682.9 56909.6
GRATZ & VARADIN 0 45 49.9 45019.3 57351.3
VIENNA & VARADIN 1 54 16.5 111702.2 57717.7
SOBIESCHIZ& VARADIN | 2 56 45.5 172794.7 57076.9

One sees on both sides the action of the mountains on the gioenbf the sector (we have already paid
attention to it in the note of65, Book I). If one compares the first two degrees oBferccarig which meet,
the difference is 915 toises; a difference which surpassof the degrees measured under the equator and
the polar circle, instead it must be only a very small numifeoiges. The plumb-line, attracted toward the
north by the mountains of the Alps, has changed directiore& back from the side opposite the zenith that
it indicates, by approaching it from the oneTafrin: whence it is arrived that the arc intercepted by the two
zeniths, is itself found too small & the degree too great. riseo to evaluate the action of these mountains,
we suppose in this place a degree which corresponds verly tedhis latitude, deduced from the preceding,
& other degrees measured besides, namely of 57095 toisesndre than one is able to give to it, & it must
rather be less. One deduces from it the arc by this analod}®@%ié to 57990, as the arc that one has found
of 174", = 1624, is to 1649 that one would have to have. The difference i4,%it is also the difference
by excess of the attraction of the mountains toward the rtorfindrate over their attraction td@urin. It is
greater than that of the mountain@himboragan America; but it is yet nothing, in regard to the magnitude
of the mountains: this which proves, either that there ihi@sé mountains even some great caverns, or that
the Earth is much less dense toward the center than towaslifexe.

The smaller mountains have an action less indeed, but witialot permit however being considerable
enough. It is this which is seen in two degrees oflf&isganig one betweerGratz & Vienng the other
betweenGratz& Varadin These degrees, although contiguous, different by 442gois

There has come to us yet recently another degree, measuhéattimn America by MessersMason&
Dixon, in the latitude of 39,12, & which is found of 56888 toises d¢¥aris. One sees it in the Philosophical
Transactionsyear 1768,volume58, page327. There is in this place a table of many degrees, of the Bumb
of which are the first degree of Beccaria & a mean degree of Friesganig such as they have themselves
sent to the Royal Society, with a reduction by a small numiéoiees. One sees also two degrees chosen
out of those which have been measured in France. The lastdlumns make known the Authors of the
measure, & the year in which it has been done. We propose hisréable of which we make use in the
following notes.



any degrees of the meridian, taken two by two, determine #itefling of the Earth
under the hypothesis of the ellipse Méwton But one must not compare together
two degrees too near one another, because the differenicgstben too small, a very
slight error in the observations would produce a very carsible one in the result.
If therefore of all the degrees of France one takes only thid,tivhich is the one of
Mr. Picart, for a latitude of 49, 23, a degree on which one has passed over again
S0 many times, & with an exactitude so scrupulous; there ngithain five degrees,
namely the first which is the one of Lapland, the third whiclaidegree of France,
& the last three which are those of Italy, of the Provinceafito & of the Capeof
Good Hope. One is able first to examine, thus as we have donbdgrendulum at
the end of the first chapter, if the differences of the firstrde@f the meridian, which
is nearest from the equator to the four other degrees, @amneksto the versed sine of
the double latitudes, or by how much they deviate. | have dr& | have sought
next the difference that the comparison of the degrees takery two gives, under
this hypothesis of the proportionality with the versed siadlifference which would
be everywhere the same, if the differences of the degreetdvedarays follow this
proportion. Now the third of this difference, divided by tthegree nearest the equator,
determines the ellipticity, & | reduce this fraction, witlicchanging the value of it, by
a fraction of which the number is unity.

301. I will propose therefore two tables: the first has sevaarans, of which the
first contains by order the names of the degrees; the sedosid |dtitude; the third,
the half of the versed sine of a double latitude; the foutt,niumber of toises of each
degree; the fifth, the excess over the first degree of whiclatitade = 0; the sixth,
this same excess calculated under the hypothesis of themiamality with the versed
sines; the seventh, the error or the difference of the excalssilated to the excess
observed. This first table will give us the means to constifuetsecond, which has
only three columns; of which the first contains the ranks efdtbmbined degrees; the
second, the excess that one concludes from it for a degres threlpole over a degree
near the equator; the third, the fraction that gives theltbfithis excess divided by the
first degree, that is the ellipticity. The excess of the degreMr. Abbéde la Caille
over ours, proves the elongation of the figure. It is for thigttin a second table |
have marked with a negative sign its difference & its eltijtyi compared to that of our
degree, & that | have given the same sign to its error in thetfikde® that is here.

DEGREE IN TOISES Mgan Year Authors of the measure
Latitude of the measure
57422 66° 20 north | 1736 & 1737 Mr. de Maupertuis.
57074 49 23 1739 & 1740 Messersde Maupertuis Cassini
57091 47 40 1768 Fr. Liesganig
57028 45 0 1739 & 1740 Mr. Cassini
57069 44 44 1768 Fr. Beccaria
56979 43 0 1752 Frs. Boscovich& Maire.
56888 39 12 1764 & 1768 MessersMasson& Maire
56750 00 00 1736 & 1743 Messersde la Condamin& Bouguer
57037 33 18 merid. | 1752 Mr. 'Abbé de la Caille

2For this table we will substitute a greater one, drawn from $hdegrees of our preceding prob-
lem, r* 299, & we will set here the degree of Mile la Caille in the rank which its latitude requires,
as if this latitude were northern. The order of the degreemdscated by the natural numbers, by
beginning with the degree of the equator. We will make usehid table in the note on°n303.



3 versed sine Number Difference Calculated
DEGREE Latitude for a radius of toises of the first difference Error
of 10000 degree
From QUITO 00 0 56751 0 0 0
From CAPE OFG. H. | 33 18 2987 57037 286 240 —46
From ROME 42 59 4648 56979 228 372 144
From RARIS 49 23 5762 57074 323 461 138
From LAPLAND 66 19 8386 57422 671 671 0

§302. In the last column of this table, one sees in how many ritermediate
degrees deviate from the double ratio of the sine of theuldgi$, or from the ratio of
the versed sine of the double latitudes, supposing that ttegfithe last are correct.
The calculated difference of the third & of the fourth degbe@ng positive, that of the
second is negative. When even there would arrive some gllgdrige in the first and
the last degree, the second would not deviate sensibly fnigwdtio. It is not so with
the third and the fourth: the difference is already too ddasn order that one is able to
accommodate them with the doubled ratio. We see now in thensit@ble the excess
of the last degree over the first proceeding from the compiarié the degrees taken
two-by-two, & the ellipticity which results from it.

o 1 . Difference

RDER Value 3 of the versed sign observed Calculated

of the of the Latitude. of a double latitude . . . Error

degrees degrees for the radius 10000 in the first Difference.

degree.

1 56750 00° 00 0000 000 000 00
2 57037 33 18 3015 287 242 —45
3 56888 39 12 3995 138 320 192
4 56979 43 0 4651 229 373 144
5 57069 44 44 4954 319 397 78
6 57028 45 0 5000 278 401 123
7 57091 47 40 5465 341 438 97
8 57074 49 23 5762 324 462 138
9 57422 66 20 8389 672 672 0

This sequence, as one sees, is not at all regular; this wbittes from the irregularity of texture of the
internal parts of the Earth, & of the inequalities of the aug. The errors here above are assuredly not at
all slight, no matter what some Authors say who attributerthie some observations of which they know
not the degree of certitude, by never having made similais éasy to be convinced by the reader of this
Book, that as little as an Observer is attentive, the erromsmiitted in his observations will not produce in
the degree a difference of 20 toises. We will be able to adutalthe table of the 1) following a supplement
in order to draw from it a mean ellipticity; but even this sigmpent will be found much better placed in the

note on i 303.




Excess of the degree at the polg
Degrees s
over the degree Ellipticity
compared
at the equator
1.5 800 #3
2.5 713 2—%9
35 1185 -
4.5 1327 ég
1-4 542 =12
2-4 133 1—%8
3-4 853 20
1.3 491 %
2.3 —350 ~ 7
1.2 957 7

§303. One will be able also to compare the degree of the phrafasured by
MessersCassini de Thurg de la Callewith those that one will wish of these degrees,
by the problem of n. 280. but a degree of the parallel is no¢ ablbe measured
with a sufficient precision. Now one sees by this table whalésirregularity of the
degrees, since they give combinations so different. If akes a mean among these
ten combinations, the third of the mean excess will be 222¢chwives for ellipticity
%3. But if one rejects the sixth & the ninth which are so différ&iom the others,
& of which the degrees are little deviated among them, themvell be 286, & the
ellipticity 1—51,8. But this mean even differs yet much from many from amongeteéght
determinations.

NOTE
Pour la fin du N. 303, Liv. V.

One must draw a certain mean ellipticity from all the degta®svn through ob-
servations, compared among them, by having regard to thoethatt their differences
must have, & to the rules of probability touching the conatthat it is acceptable
to make to them in order to reduce them to this ratio. B&rscovichhas done it in
another work by means of a very curious method, & which is &blserve in many
other cases. The result is exposed in it in an extract indénte the acts of the Insti-
tute of Bologna He develops it in his Supplements of the Philosophy in Laéirse,
composed recently by Mr. Bendgtay® volume2, page420. We will insert here this
article whole. FrBoscovicremploys the numbers taken from the table which is at the
end of page 407 of these Supplements: it is the same as thelt Wwhihas set in this
Book V, r°. 301, & in which we have substituted one more ample in the potéhis
same section. We will apply next his method to this new talikre is the statement in
question.

“385. But in order to take this mean, such that it is not singiyarithmetic mean, Here begins pp.
but that it is bent by a certain law to the rules of the fortug@ombinations & of the 420-424 of Stay
calculus of probabilities; we will serve ourselves hergweatproblem that | have indi-
cated toward the end of a Dissertation inserted in the adiseolnstitute ofBologna,

3Philosophige Recentioris a Benedicto Stay. .. versibustseatlibri X. cum adnotationibus, et supple-
mentis P. Rogerii Josephi Boscovich.Published in 3 volumes 1755, 1760 and 1792. Boscovich hfmsel
supplied commentary.



tome4,* & where | myself am content to give the result of its solutidtere is the
problem:being given a certain number of degrees, to find the corradtiat it is nec-
essary to make to each of them, by observing these threeticorsdithe first, that their
differences are proportionals to the differences of thesedrsine of a double latitude:
the second, that the sum of the positive corrections is @qubk sum of the negatives:
the third, that the sum of all the corrections, as many pesitis negative, is the least
possible, for the case where the first two conditions arelledfi The first condition
is required for the law of equilibrium, which demands anpgiti figure: the second,
by a like degree of probability, for the deviations of the gelum & the errors of the
Observers, in the increase & diminution of the degrees:filid ts necessary in order
to be bring together the observations as much as it will be; alelkeing especially that it
is very probable that the deviations are quite small, as we baen above; & that the
scrupulous exactitude of the Observers does not permiestisg some ever so little
considerable errors in their observations.

“386. This problem has relation to the methd@imaximis & minimisbut one is not
able to resolve it by the ordinary method of analysis. Beedls algebraic expression
distinguishes the positive quantities from the negativieatall, but it designates them
by one same general value. One will have easily the valueeo€drections that it is
necessary to make in order to fulfill the first condition, bymiag any two quantities,
the onex, the othery, by means of which, & from the value of the degrees & from
the versed sine, one will find any another corrected degrfeehich the difference
to the given degree, will give in & y, & other known values, the analytic value of
the correction, & the equation will be always of the first damgr In order to fulfill
the second condition, it is necessary to equate the sum tfelalues to zero: it is
the sole position which is able to render the sum of the pesitequal to that of the
negatives. One will draw from this equationxithe value ofy; & the substitution will
give inx the sum of all the corrections. But this same sum, expresgéitebanalysis,
will be a mixture of positive & negative quantities, & will hbe variable at all; this
which will be necessary in order to be able carried toaximumbut it will be always
= 0. Thus supposingx = 0, one will have nothing: all the formula will vanish with
the expectation of the calculator. But by means of simpler@stoy, supported by
mechanical, one comes easily to end of it, as one is goingeto se

“387. Let (fig. 7. pl. I)AF be the diameter of a circle, &E, AD, AC, AB the
versed sine of the double latitudes, relative to the obsedegyrees: draw, from the
pointsk, D, C, B, as if each degree had been observed under the equatom doats
the pointA, which is in fact the place of the degree under the equaterirttiefinite
straight linesEE/, DD/, &c. perpendiculars té\F, & of which the segmentEe, Dd,
Cc, Bb, Aa, taken on the same side, represent the degrees, so that alnle i® note
their extremities, d, ¢, b, a.

“ 388. One sees first that if one draws any straight line&k which encounters
these straight lines &, L, K, |, A, it will determine some degrees where the first
condition will be fulfilled. For having drawA'F’ parallel toAF, & which encounters
these straight lines &', D', C/, B/, the differences by excess of the degrees over the

4De litteraria expeditione per pontificiam dittonemDe Bononiensi Scientiarum et Artium instituto
atque academia commentariV (1757), pp. 353—396.



one of the equator, namel/M, D’L, C'K, B'l, zero, will be proportional to the straight
linesA’E’, AD’, AC', A'B', zero, that is to the versed sinE, AD, AC, AB, zero. But
the problem is yet undetermined in two places, since tha gt line is able to be
drawn to any distance, & since one is able to give to it suclinaton as one will
wish. Two degrees will be able already to determine it in savag; according to
which it will determine itself, by its intersection with oroé the parallel lines, which
has ratio to any one latitude given, the degree which cooredpto it, according to the
method proposed above(r292 of this Book V)? & this determination will give irnx

& y the values indicated in°n 386.

“ 389. The second condition will determine a point on thisight line. The
corrections will beeM, dL, cK, bl, aA, positives or negatives, according as the points
e d, ¢, b, a will be on this side or the other &%'H with respect toAF. It will be
necessary therefore, in regard to the second conditionththasum of the corrections
which are on this side, is equal to the sum of those which artherother side; &
it is that which one will have, if the straight line passestigh the common center
G of gravity of the points, d, ¢, b, a, since by a well-known property of the center
of gravity, the sum of the distances of all the points placeane side, according to
any direction, is equal to the sum of all those which are onajgosite side. Now
these points being given, one has also their common centgrasfty G. One has
therefore a point of the straight line sought, determinethieysecond condition. This
determination is equivalent to that valueypthat one must find, following® 386, by
the equation which supposes the sum of all the correctiofs

“390. The problem remains yet undetermined, since one is @btiraw through
this point an infinity of lines which will satisfy all the préaus two conditions. The line
determines therefore yet only a degree; it is the one whidhbeirepresented bS
perpendicular té\F, & which will correspond to a latitude of which the versedesinill
be expressed b&S Each other degree taken at will will determine this straligie, &
hence likewise the other degrees. But it must be determipelebthird condition, so
that the sum of all the corrections (for on both sides theyabsmays equal) is the least
possible. For that we imagine a straight liA&sH, which departs from the position
SGT, by turning to right or to left about the poi@&. First, & as much as the angle
that it will form with it will be quite small, all the correatinsaA, bl, cK, dL, eM will
be enormous; next they will always go by diminishing, to tWaich the straight line

5n® 292 From this that the degrees are in inverse ratio of thescabthe perpendiculars lowered from
the center onto the tangent, it is again easy to concludetibahcrease of the degrees from the equator to
the pole, will be very nearly in the same ratio as the squatkeo$ine of the latitude, or as the versed sine of
a double latitude; same ratio as the one of the diminutiomefdistance to the increase of gravity from the
equator to the pole. For since the differences of the squaféise cubes and of any powers, are quite small,
they are in same ratio as the differences of the sides or abtits. Thus the increases of the degrees will be
in like ratio as the diminutions of the perpendiculars onttirgents. Now in an ellipse little different from a
circle, the distance from the center to the point of contaabie to be taken for the perpendicular drawn from
the center onto the tangent, even when the concern is of fleeetice from one perpendicular to another;
for the perpendicular is the side of a right triangle of whiieis distance is the hypotenuse, & these two lines
form an angle which corresponds to the ellipticity; whertde easy to demonstrate by a method similar to
that of which we ourselves are served aboveZ82), that the difference of the perpendicular to the base,
or the error that one will be able to commit, is infinitely simf the second order, & of no consequence.
Therefore the diminution of the pependicular, & consedyethie increase of the degree, is very nearly as
the diminution of the distance, or in the same ratio as we baig



attains some one of the poirdsh, c, d, e but since it will have passed, the correction
which corresponds to this point will change directly fronsjion, & will commence
to increase, & it will always go by increasing, while thoseigthhave relation to the
points not yet attained by the mobile straight line, will tone by decreasing. Now the
sum of all the corrections will diminish to this that the sufittee differences relative
to the increasing corrections, is greater than that of tfierdnces of the decreasing; &
it will be the least possible, since the former will ceaseaddss than the latter. But as
soon as the sum of all the corrections will be the least pesdite sum of the positive
corrections alone will be also the least possible, likewhsesum of the negatives alone,
since these sums must be each the half of the total sum, keettaysare always equal
to one another.

“391. Now the differences or changes of each correctioniesponding to the
diverse changes of position of the mobile straight line| W proportionals to the
distancesAS BS CS DS, ES whether they are increases or diminutions. Because
these differences or changes will be on the bases of simitargies, & of which the
sum will be atG, & these bases will be comprehended between two positiotiseof
straight linesGA/, GI, GK, GL, GM; consequently they will be in ratio of these straight
lines; that is, by the property of parallels, in ratioA$f BS CS DS, ES This is why
if one observes in some order the mobile straight line muairathe points, b, c, d,

e, & if one adds together in the same order those of the stréiiggga AS BS CS DS,
ES which correspond to these points; while this sum will be lgsan that of the half
of the sum of all these straight lines taken together, ortlesss the sum of those which
are on both sides of the poi{for the two sums taken the one to the right, the otherto
the left of this point, are equal to one another); the sumefiifferences relative to the
increasing corrections, will be yet less than that of therelgsing; the sum of all the
corrections will go yet by diminishing, & this sum will be theast possible, when the
sum of those of the straight lindsS BS CS DS, ESwhich have relation to the points
already encountered by the mobile straight line, will cetasiee less than the half of
the sum of all these lines, or that the sum of those which ateotimsides of the point
S

“392. Now one will find easily the center of graviy, & the order in which the
mobile line encounters each point, & that by a numericaludat@on which is nothing
less than painful. This calculation consists in adding thgethe versed singsE, AD,
AC, AB, zero, & dividing the total by the number of the points in arte haveAS
since the distance from the center of gravity to any plaads equal to the sum of the
distance from all the points, divided by their number. Likesif one divides the sum
of all the degree&e Dd, &c. by their number, one will hav8G It will even suffice
to take the differences by excess of the degrees over thetfirstake a sum from it
that one will divide likewise by their number, & to add the geat to the first degree.
For if af is parallel toAF, & if it cuts the straight line€E’, DD’, CC/, SG BB/, AA
inR, Q, P, N, O; NG will be the sum of the exce$3e Qd, &c. divided by the number
of the points.

“393. Now in order to find the order in which the points are antered by the
mobile straight line, one will draw through the pofata line parallel toAF, which will
encounter the lineBF’, EE/, DD/, CC/, BB, AA atY, r, g, p, 0 atX; and one will see
first in which of the angleSGY, Y GT, TGX, XGSis found each point. For any point



must be to left or to right o§GT, according as its versed sine is less or greater than
AS & below or aboveX GY, according as its degree will be smaller or larger tB&h
One will not have difficulty any longer to find the tangent oé thngle formed bS

or GT with the mobile line passing through any point. If it passassfikample through
the pointc, one will have this analogye is to Gr, as the radius is to the tangent of the
anglereG, or eGT, which will be consequently in ratio o%: it is thus of the others.
The tangents of the small angles are smallest; & the poinitshadorrespond to some
small angles are encountered rather by the mobile linesaratylesSGX Y GT; all

to the contrary of that which arrives in the angle&X, Y GS Therefore sincé&r is
the difference of the versed sine of the paarid the versed sinAS & sincere is the
difference of the degreeeto the degre&G one will have the following ruledivide
for each point the difference of its versed sine to the vesseel AS by the difference
of the degree which corresponds, to the degree SG; & that tletients of the points
which are found in two opposite angles at the summit, consitk®gether, are ranked
by order; by commencing with the smallest; that next onerages also the quotients
of the other points, placed in the two other angles, by contingrwith the greatest.
It is in this order that the mobile line will attain all thesejmts, if it commences to
be moved in the first two angles; & it will be the contrary if ibuwldd commence to
be moved in the last twoBut unless there is need to recur to the calculus, the only
construction, seeing that it is exact, will suffice ordihaim order to understand with
much more facility the order in which the points are encorgddy the mobile line.

“394. By this means one has all that which is required for theextions sought,
& in order to have, even without their aid, the ellipticityoiithe degree on which the
mobile line reposes remains without correction, as one seasequently by means of
this degree & of the degre®G one will have by fi. 348 (& by rf. 301 of this Book
V), all the other degrees; & hence even their difference ¢odibgrees observed, that is
the correction, & the total difference which will give thdigticity that one seeks.

“395. Now one sees that the method is general for the cooredii all the terms
which must follow a given ratio; for by substituting thisia@to that of the versed sine,
all returns to the same. But it is necessary to apply here #tbad to the degrees. We
will serve ourselves with the values of the first tabl&, 365 (& . 301 of this Book),

& in order to facilitate further the calculation, we will takhe half of the versed sines
for the entire versed sines. The val#d’ AC, AD, ABare here the same as in the third
column of this table, & by dividing their sum by 5, one haSor aN = 43566. Ob,
Pc, Qd, Reare the same values as those of the fifth column, of which tiredsvided
by 5 givesNG = 3016, whence one draws the deg@@= 567514 3016 = 570526,
for one such latitude, that the half of the versed sine of atplatitude is 4356 for
the radius 10000, that is for the latitude®48: but we will make here no use of this
calculation. The distanced\, ON, PN, QN, RN of the points, b, ¢, d, eto the straight
line SGTwill be the differences of the first number 4366= aN, to the numbers of the
third column; & consequently 4356.6, 1369:6291.4, —14054, —40294, the sum
so many of the positives as the negatives, being 5726.2: &lidtancesaX, ba, cp,
dg, er to the lineXY will be the differences of the second 36 NG to the numbers
of the fifth column; & consequently 301.6, 15.6, 73-&1.4, —3694. The distances
which have some similar signs, are reported to the arfg@% T GY; & those which
have some different signs belonging to the other anglBX, SGY. Thus the first are



those of the points, b, d, €; the pointc is the only one of the second kind. Now if one
divides the terms of the first sequence by those of the seam&will have, for the
tangents of the angles with the lig&&T, 14, 88, 4, 66, 11. Thus the four points which
are found in the first angles, namedyb, d, e, follow by beginning through the least
angles the order of the numbers 11, 14, 66, 88, that#s d, b; to which adding the
pointc, the straight line will encounter the points in this ordées, d, b, c. The first
distance from the first points namely 4029.4 is less than the sum 5726.2 of the two
positives, or of the three negatives; but if one adds to itlisence from the following
point,a= 43566, one will have 8386, which surpasses already this sum. dihesvill
have theminimumthat one seeks, when the straight line will attain the pajr& the
position of this lineaGV will correct all the degrees, with the exception of the singl
degreedaat the equator, which will remain without correction.

“396. If the straight line moves in a contrary sense, it wilteunter the points in
a contrary ordec, b, d, a, e, & one sees that in order to have a sum which surpasses
5726.2, it will be necessary to add together the first distarod the first four points,
namely 291.4, 1369.6, 1405.4, 4356.6; so that this contraryement will give yet the
minimumto the encounter with the same poant

“397. Having found the position required for th@nimumsought, one will have
first the ellipticity. For the position of the line will be heaGV, the degree of the
equator remaining the same, this which is encounteredrfatély in order to find all at
once the total difference & the ellipticity. For one will Fathis analogieaN = 43566
istoNG= 3016, asaf = 10000 to the total differencB/ = 692: one will divide the
degree 56751 by the third of this difference, & one will add 2hte quotient, according
to n° 350 (one will give it the demonstration below), in order tedthe eIIipticityz—}m.
The calculation gives for the five degregsb, c, d, e the following corrections: 0,
—792,4938,+75.9,-905"

We apply this method to the numbers of the great table prapiosthe preceding
note on R 301, by retaining\afor the degree of the equat@&bfor any degree anterior
to SG Dd for any degree posterior. One will find the following valu&ivide by 9,
that is by the number of degrees, the sums of the fourth & fifflarmn, you will have
AS=aN = 45812, NG = 287.6: thence the degre8G= SN+ NG = Aa+ NG =
570376; & since the half of the versed sine of a double latitudA®= 45812, the
latitude of this degree will be 4236

If one compares the number 458+ AS with all the numbers of the fourth column
which represent the linesB, AD, by subtracting it from these numbers, one will have
the first sequence of all th&Bnegatives, & of all theSD positives. Likewise if one
compares the numbers 287/ NG with all the numbers of the fifth column which
represent the line®b, Qd, one will have the second sequence of all dhenegatives,

& of all the qd positives. We will name the first sequenge& the secondB. If one
divides each term of the sequenfby the one which corresponds to it in the sequence
B, one will have a new sequen€&; which will represent the tangents of the angles
formed by the linessb, Gd, with GS GT; & the angles which correspond to these
tangents, will be acute or obtuse, according as the valugeafingent will be positive

or negative. Moreover it is not necessary at all to deterreiatly these values; &
unless the degrees are too neighboring, one nearly suffices, there is question only
of their relative magnitude in order to know the order whéeytmust be placed.
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1 2 3 4 5 6 7 8 9
A | —45812 | —15662 | —3862 | 698 | 3728 | 4188 | 8838 | 11807 | 3807.8
B| —2876 —0.6| —1496 | —586 | 314 | —9.6| 534 364 | 3844
C 159 | 1610 39| -1 12 | —46| 166 32 10.

The number€ make known the order in which the mobile line deviates from th
position SGT, & passing through the positiol®GH, after a half-revolution about
the pointG, arrives to the extremitiels, d of the degrees. One must begin through
the positive quantities, from the smallest to the greatesiontinue next through the
negatives, from the greatest to the smallest; & one will finel drder in which the
points are encountered by the mobile line, expressed byolteing numbers: 3, 9,
51,7,8,2,6,4.

One will take in this order the sum of the numbéyswithout having regard to
the signs, until one attains a number equal, or greater tiahalf of the sum of all
these numbers, which half is equal & to the sum of the posigeto that of the
negatives taken separately, since by the nature of thercehtgavity they must be
equals. Now the first is 6733.8, & the second 6733.6: they ddliffer noticeably
from the half of the sum, namely 6733.7; & this insensibléestdnce comes from this
that one has neglected some small fractions. If one takbgisequencAthe numbers
3, 9, 5, one arrives not yet to this half at all; but if one addgem the number which
corresponds to 1, one will have 9348.0 which surpassesnseguently the sum of all
the corrections will be the least possible, when the molikaght line will attain the
extremity of the first degree, which thence will remain theeavithout correction.

By this means one has already two degrees which must passdot, amely
56750 observed value for the latitugded, & 57037.6 for the latitude of 4236". From
these degrees one is able already to deduce by the formula 283 Book V, the
ellipticity; but as one has here the first degfee one will find it again, & with more
facility, by this analogy AN = 45812 : NG = 287.6::af = 10000 :fV = 627.8. This
fourth term will be the difference of the degrees at the polet&he equator; & if one
divides the latter by the third of this difference, & if oneds® to the quotient, one will
have 273 for the denominator of the ellipticity sought, virh"u;foundz—%5 according to
the theorem demonstrated by our Author in these same Supptem? 350, that we
just cited in the passage drawn from these Supplements.

This ellipticity is again belowz%8 which is that which would have first given the
five degrees: but it approaches furtlgég, an ellipticity required under the hypothesis
of a spherical stone by the fractiq% (Book V. n. 251).

In order to correct all the degrees, it will suffice to seek difeerence by excess
from each degree to the degree under the equator, requirddsgtetermination; &
to compare each of these differences with those of the fifthneo, in the note onh
301. Sinceaf = 10000 must be to each line a®, expressed by the numbers of the
fourth column; asfV = 627.8 to Oi, of which the difference t@®b, expressed by the
numbers of the fifth column, gives the sought correctionjlit suffice to multiply the
numbers of the fourth column by 627.8, & to divide the produetl 0000; finally to
subtract from the quotient the numbers of the fifth column:thig means one will
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have the following corrections 6;97.7, +1128, +63.0, —8.0, +35.9, +2.1, +-37.7,
—1453. The sum of the positives is 251.5; that of the negatives@3his which
makes nearly equal sums; & the half of the total sum is aroliid2 Now the sum
of these corrections, under the hypothesis that one obsémesfirst two conditions,
is a minimum this which is evident by that same method of which one is extiin
order to find them: & one will be able again to be convinced,rging to make such
other substitution that one will wish; for it will give alwaya greater sum: it is this
which one will make easily, by making an arbitrary corregtio the first degree, &
by determining by this degree also corrected, & by the onedhe will find for the
latitude of 42 36, all the other degrees, by means of the numbers of the foaltmm,
since the differences by excess of each degree over thexfirst be in the ratio of these
numbers.

It suffices to cast the eyes on the table of the note®801, in order to perceive
that the degree of Mr. Abbée la Caillemuch disturbs the order of the degrees, since it
surpasses the following two which are in a greater latitixe.on the other hand, this
degree s in the southern hemisphere, instead as the otjreedeare in our hemisphere:
this which gives place to suspect that the two hemispherestieesemble themselves
for the figure. Thus it will be a propos to have regard in thewialtion only to the 8
other degrees of this table.

By this means one will find the sums of the numbers of the fo&rthf the fifth
column, which, divided by 8, will givaN = 47770, NG = 287.6; whence one draws
for the latitude of 43 43 the degree of 56758 287.6 = 570376. Next one will
have by the proposed method the numb¥rB, C, & the new sequencg will make
known the order in which the mobile straight line attains éxéremities of these 8
degrees, namely 3, 2, 4, 9, 7, 1, 8, 6: & if one takes in this sarder the values of
the new sequenck, one will arrive to the half of the total sum only after the &uhoh
of the sixth term, which corresponds to the first degree, ih&d the degree under
the equator, which must remain equally here under cornectience one has for the
difference of the degrees under the equator & the pole 682fdr, the ellipticity 2%95,
which approaches yet further the fractig%% required by that of the gravity under the
hypothesis of a spherical stone. Now for the corrections aerto these 8 degrees,
one will find 0, +1025, 510, —20.7, +130, —12.0, +22.9, —1669. The sum of
the positives is 199.4; that of the negatives 199.6, theyhaeely equal. The half of
the total sum is 199.5, much less than the preceding, nantdly22since one does
not take account of the correction of the degree of Mr. Abbéa Caille & that the
other corrections differ very little from the precedingethefore last is increased by 20
toises; the others change only by 0 to 13 toises.

Of these eight degrees the second & the sixth have some maategrcorrections
than the others. If one omits further these two degrees, & thie same method one
takes a mean for the 6 remaining degrees, one will have althayfirst degree without
correction; the degree 56998.5 for the latitude of 4% the total difference of the
degrees under the equator and the pole 577.2; the elljpggt which approaches yet

more the fractions%5 required by that of gravity; finally for the corrections onélw
have 0,+40.6, —23.1,+10.6, —25.6, —9.6, corrections less than the first.
The quantities that one has found will serve to make knowrabsolute values of
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the axis & of the diameter of the equator: for in the ellipse $bmi-axes are geometric
mean proportionals between the radii of the curve takenredtely at their extremities;
& consequently the degrees of the first enter those of thensed when the terms
differ little between them, one is able to substitute théhametic progression for the
geometric. Therefore if to the degree under the equatord®padne adds the third of
its difference to the degree under the poIe%mS??.Z = 1924, one will have for the
degree of the semi-axis 56942.4, & if one adds again anotiiret, one will have for
the one of the semi-diameter of the equator 57134.6. It igHisrthat after having
divided the degree of the meridian under the equator by tiné di this difference,
one adds 2 to the quotient in order to have the denominatdweoéiiipticity, or of the
difference of the half-axes of the ellipse divided by the enaxis. Now having the
degrees, one will know easily the radii of the circles whichirespond to them: one
will find the semi-axis= 3262560; the semi-diameter of the equato3273572; their
difference= 11012, a very small difference.

One will be served with the value that one just found of therdef the equator,
in order to reform that which expresses the ratio of the deigil force of the original

gravity under the equator (n. 71. Book V.), nam 7341, to which one has substituted

the fractionz—}88 which approaches much to it. But these numbers have beem dirany
the degree of the equator that \Bouguerhad deduced by his theory, namely 57264
(n. 69); & thence since this degree is smaller, one must damitihe centrifugal force

in double ratio of this degree. Thus this corrected ratio bel23, x (%523)2 = 5
very nearly.

All the combinations above give an ellipticity less thanttivich is required by
the homogeneity of the fluid in the stone; whence it followat tthe stone, supposed
that it is spherical, must be denser than the fluid. The ratith@ir density is able
to be drawn from the formula 0f°n199, Book V, in which in whichx = ﬁ;

M3~ 5p
whence it follows tha% = % (1— %() Nowlp is, in that very place, the sought ratio
of the density of the fluid to that of the stone; & the ratio of the centrifugal force

to gravity, that we just foune- 2_a139? ¥ the ratio of the difference of the semi-diameter
of the equator to the semi-axis; & consequenlthe denominator of the ellipticity,
diminished by the unit, namely 296. If one likes better toetakmean between this
denominator 297, & 335 which is the denominator required tavigy, namely 316,
one will havet = 3 (1—213) = 1% that is that the density of the fluid will be to that
of the stone nearly in the ratio of 3 to 4.

As the ellipticity that one draws from it is much smaller tithat which one sup-
poses commonly, there will be many calculations to reforon gikample those which
are based on the bulge of the earth at the equator in ordetdmaee the precession of
the equinoxes & the nutation of the axis; those which haaimi to the parallaxes of
the Moon, which depend on the ellipticity, & on the geograptistances of the places
which depend on it also. In order to have all that with agaimseh more exactitude,
it is to wish that one give us many other measures of degreeslyfito achieve in
compensating & erasing totally the chance irregularitiethie number of measures.

This was close to be set under press, when we received actoftithe measure of

a new degree, made in Hungary by Besganigwho has achieved at the beginning of
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February of this year (1770) in determining the value of ichiculation, & which will
soon be printed. This measure is a confirmation of the iragylof the degrees: & if
one adds it to the others in order to take a mean, one will haedlipticity near entirely
conformed to that which gravity required under the hypathefa spherical stone. The
amplitude of the arc, determined by the observations of efstars, is found®] 7/,
34.7", with so great accord, that one of the results has been grédzgeother smaller,
only in the tenth part of one second. In regard to the two nreaisbases to the two
extremities of the meridian, one has been deduced from tier & by the chain of
triangles by the calculus; & the base calculated differy ¢wyl one half-toise from the
actual measure: whence it follows that one must not fearttieae has even slid an
error of 10 toises in the measure of a degree: & however thgsedes found 56882.0
toises aParis; & if one reduces it to the surface to the sea, one must yetveradoise
from it. Now its mean latitude is 4%7, & its longitude is near 4 degrees greater than
that ofGratz It has been measured in an immense plain, which was uniptexd only
be small inequalities, such as the waves on a calm sea: &dards@nough with the
one which has been measured betw¥mmna& Gratz (n. 299, note), & which for a
mean latitude a little greater, namely’438, is found 56909.6 or 29 toises greater than
the one of Hungary. The one here agrees also to near 7 toitfesh@ione of North
America (n. 299 note), which has been equally measured witdrnagreat exactitude
in a vast plain, although it had near 6 degrees more latittltiemean three degrees
in the first table of this note, both surpass by more than 13@¢o All this seems to
indicate an irregularity of texture in the Earth, even beltssurface, & a figure of
equilibrium so to speak undulating, as our Author had alydadnerly doubted; this
which proves that two degrees are not able to suffice in ocdéetermine the figure of
the Earth: it is necessary on the contrary a great numbergréds measured in diverse
countries, with this exactitude & those instruments whightaday in use: & one must
draw a certain mean from them by a sure method, & not on somglsiprejudices
made on the observations with arbitrary corrections, & e many regards than
the methods invented in our day carry.

In order to find this mean, we will substitute into the precediable, a the unique
degree of FrlLeisganig that is at the mean degree of the arc which extends into
Moravia, Austria & Stirie, three other degrees, namely the of Hungary, the one
is which betweervienna& Gratz, and the one which is between ViennaS&bieskf
their mean latitudes are 457, 47° 38, 49 13 their values in toises 56881, 56910,
57082: in this way one will have 11 degrees. The method abalgme for the el-
lipticity 3%11; & if one would omit the single degree of Lapland which diéoo much
from the others, especially from the degree of North Amegidhe one of Bohemia,
measured first by the English, second bylkisganig one will haveﬁl. These two
fractions do not deviate much frogﬁ\};—5 which gravity requires. It is demonstrated in
this same work, that the inequalities which are near thesarfroubles much more the
measure of the degrees, than the length of the isochronespend Thus since these
lengths follow near exactly the law of proportionality witie versed sine of a double
latitude, & that this mean returns to the same; one will be abltake for ellipticity
this same fraction;?,, & to draw the ratio of the density by means of the formula

6poland
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L=3(1-25) = 3(1- 33%) = 1220 = 190: this which makes nearl§. Thus the
density of the fluid will be to that of the stone nearly in théag to 3.
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Figure. 7.
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