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Abstract

We derive confidence intervals and confidence sequences for causal effects in
situations where the back-door criterion is applicable. Our tightest confidence
intervals hold in the standard setting where the training data consists of IID
observations over a system described by a given causal diagram. When interven-
tions are allowed to depend on the past data, our confidence intervals become
wider and involve a term coming from the law of the iterated logarithm, even
where the number of observations is known in advance. In the sequential set-
ting where the number of observations is not given, our confidence intervals,
arranged into a confidence sequence for causal effects, involve more iterated
logarithm terms and become even wider.
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Figure 1: The basic causal graph of this paper

1 Introduction

A major limitation of many results in causal inference is that they assume,
implicitly or explicitly, IID (independent and identically distributed) observa-
tions over a causal system. This limitation is shared by [13], where we derive
prediction sets in situations covered by the back-door and front-door criteria
[, Theorems 3.3.2 and 3.3.4] (one section of [13] goes beyond the IID picture
but only slightly). It was noted in [12] that the limitation can be easily over-
come by applying limit theorems of probability theory, but the results there
(such as [12, Theorem 1]) are asymptotic. In this paper we derive finite-sample
confidence intervals in natural non-IID settings.

We start in Sect. [2| by giving the definition of the causal effect adapted to
the back-door criterion. In Sect. [3| we consider the simplest IID setting giving
the narrowest confidence intervals. Limitations of this setting are pointed out
in, e.g., |12 Sect. 1] and [5, end of Sect. 3.6.1].

In Sect. ] we drop the assumption of IID data, which leads to the appearance
of an iterated logarithm term in our confidence intervals. This is developed
further in Sect. [5} there we make our confidence intervals anytime-valid, which
leads to further iterated logarithm terms.

This paper was motivated by the difficulty of applying the methods devel-
oped in [13] to the most natural setting of sequential causal inference (which
we called the “strong interpretation” of causal diagrams). The methods of this
paper are completely different, and we are targeting confidence intervals rather
than prediction sets, which were targeted in [13]. In Sect. |§| we briefly discuss
derivation of prediction sets from our confidence intervals, but this is likely to
lead to much more conservative prediction sets in the IID setting as compared
with [13].

Finally, Sect. [7| concludes and lists some directions of further research.

2 Causal effect

Our running example will be the causal diagram in Figure [} which we now use
to explain our notation (in which we follow mainly Pearl [5]). The variables,
such as X, Y, and Z, in our causal diagrams will always range over finite
sets denoted by the corresponding boldface letters, such as X, Y, and Z, and
called their domains (equipped with the discrete o-algebras). However, when
talking specifically about the example in Figure [T} we will usually assume that



X =Y =Z =1{0,1}, so that X,Y, Z are the indicator functions of events.
Let P be a positive probability measure on X xY x Z (generating the random
variables X, Y, and Z). Suppose it factorizes according to Figure

PX=zY=yZ=2z2)
=P Z=2)PX=z|Z=2))PY=y|X=2,Z=2) (1)

forall z € X, y € Y, and z € Z. It will be very convenient to use Pearl’s [5,
Sects. 1.1.4 and 1.1.5] convention and abbreviate P(X = z) to P(z), P(Y =y)
to P(y), etc.; such abbreviated notation will also be used when we have, say, &
or ' in place of . We will also often omit mentioning that z € X, y € Y, etc.
With this convention, we can rewrite (I) as

P(x,y,z) = P(2)P(z | 2)P(y | x, 2).

Let 2 € X. We use Pearl’s [5| notation do(X = Z), usually abbreviated to
do(Z), to signify setting X to & (we will define what this means formally only
in specific contexts). Let us define, in the context of Figure [} the causal effect

of XonY as
(y | do(Z ZP | Z,2)P(z). (2)

(The definition in [5, Sect. 3.2] is more general, but it is not our focus in this
paper and we will use simpler ad hoc definitions.) The interpretation of
(and of causal effects in general) is that it is the probability of Y = y in the
mutilated causal model in which the arrow from Z to X in Figure [I| has been
removed and X has been set to z.

The decomposition and these notational conventions generalize to any
directed acyclic graph (dag), and Figure [1| can be generalized to the following
back-door criterion, which is stated in terms of “blocking”, as defined in [5|
Definition 1.2.3]. If X, Y, and Z are disjoint non-empty sets of variables in a
dag, Z is said to satisfy the back-door criterion relative to (X,Y) if, for any
X eXandY €Y,

e no vertex in Z is a descendant of X', and

e Z blocks every backdoor path from X' to Y’, i.e., every path between X’
and Y’ that contains an arrow into X’

|5, Definition 3.3.1]. If the back-door criterion is satisfied, the causal effect can
still be defined as [5, Theorem 3.3.2]. However, now the summing ), over
z in means summing over all possible values of the variables in Z:

z1 VA zkeZk

where Z' is the domain of Z%, i = 1,...,k, and Z', ..., Z* are the elements of
Z,7Z ={Z', ..., Z*}. Moreover, & should specify the values for all variables in
X. In the theorems below we will use the notation

Z| = |Z"|...|Z"|. (3)
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Figure 2: The repeated causal graph

It is very important (but does not concern us in this paper) that some of
the variables in the causal dag may be unobservable; it’s fine as long as these
variables do not enter expressions for causal effects, such as .

3 The IID setting

We start from the most standard setting where the observations before inter-
vention are IID; see, e.g., [5, the beginning of Sect. 2.2]. Informally, Nature
possesses stable causal mechanisms that are organized in the form of a graphi-
cal structure. In causal calculus, the structure is a known dag, and the stable
causal mechanisms are unknown probability distributions of the variables in the
vertices of the dag given their parents. The available observations are generated
in the IID fashion. (The IID nature of the observations usually stays implicit,
and it appears that in Pearl’s book [5] it is made explicitly only in [5, the end
of Sect. 3.6.1].)

Figure [2| shows IV repetitions of the causal system represented in Figure
Let us ignore the cells labelled past;, i € {1,..., N — 1}, for now (formally, we
are assuming that these variables take a fixed known value). This composite
causal diagram then represents N IID observations over the base diagram of
Figure |1} In this section we are interested in Figure [2| with an arbitrary dag as
the base diagram, not necessarily the one in Figure[I] This IID picture will give
the narrowest confidence intervals out of those derived in this paper.

The following theorem treats the case of the back-door criterion, and it is
proved (as all other results in Sects in Appendix [Al A confidence interval
[m — h,m + h] will be represented in terms of its midpoint m and half-width h.
The number N of repetitions is fixed, and we set

oy = [{n € [N]: (Xn, Ya) = (z,9)} (4)

(i.e., #xy is the number of times (X,,Y,) = (z,y)); the analogous notation
will be used for sequences other than xy, such as xyz and z. See for the
definition of |Z|.

Theorem 1. Let§ > 0,Z € X, andy € Y. The following is a (1—0)-confidence
interval for the parameter P(y | do(Z)) defined by : the midpoint is

> by |7 2)p(2) (5)



and the half-width is
In 421 In 42l

5 3
12| 2N +§ 2452’ (6)

where p(y | &,2) := #Zyz/#Tz is the standard estimate for P(y | &,z) and
p(2) := #z/N is the standard estimate for P(z). (The half-width (6) is under-
stood to be co when #iz =10.)

In the case of Figure [I] with binary variables, we can replace (6]) by

Iné Iné
) ) )
\/ 2N * Z 24H#T2 (7)
z€{0,1}

(although this does not quite follow from ().

4 The adaptive setting with a fixed horizon

Under the strong interpretation of Figure[2] considered in this section, each box
past,, stands for the whole past, including the variables X;, Y;, and Z;, i € [n].
Now each X, 11, n € [N — 1], has incoming arrows (not shown explicitly in the
figure) from all X;, Y;, and Z;, i € [n]. As before, we allow repetition of any
dag in Figure 2] not just the one in Figure

Our interpretation of Figure [2] is that X is a decision that has Y as its
result. The decision at step n + 1 may depend on the past decisions and past
values of Y and Z. In other words, the decision maker has access to all past
observations. In the case of Figure [I} all Z,, are independent of the past and
identically distributed; all Y,, have the same distribution given X,, and Z,,, and
they are conditionally independent of the past.

For an integer n > 2, let ||n]| be the largest integer of the form 2%, k €
{1,2,...}, satisfying 2 < n (and for n < 2, ||n]| is defined as, say, 1). We let
Ib stand for binary logarithm log,, and we will often use it in the context of
Ib|n|| = |Ibn] for a positive integer n.

It will be useful to extend the notation and set, e.g.,

#may = |{n € [m] : (Xn,Yn) = (2, 9)}],

where m may be different from N. Earlier we defined standard estimates such
as p(y | Z, z) := #Zyz/#%z (and we will refrain from defining p in other similar
contexts in the following theorems). We will also need the modification of
P(y | &, z) defined by

R -  Hn e [N]:#u22 < [[#22], X, = 2,Y, =y, Zp = 2}

In words, p(y | @, z) is the fraction of the first || #Zz]| observations with X,, = &
and Z, = z for which Y,, = y. It is also an estimate of P(y | Z, z), but it might



not use all the available data (however, it uses at least one half of the relevant
observations). We will also use the notation p in other contexts, such as p(z | ).

Now we have to replace the Hoeffding inequality used in our proof of Theo-
rem [I] in Appendix [A] by the law of the iterated logarithm, and so we will get
our first iterated logarithm term.

Theorem 2. Fiz 6 > 0, &, and y; the time horizon N is also fized. Under
the strong interpretation, the following is a (1 — §)-confidence interval for the
parameter P(y | do(z)) defined by [2)): the midpoint is

Zp (2)ply | &, 2) 9)

and the half-width is

4\Z\ Z \/21n1bu#izﬂ +1In 6'65|Z‘ . (10)

272

The case #zz € {0,1} in requires special treatment; namely, we set
Inlb1 := oo, and so is interpreted as oo unless #Zz > 2 for all z.
For the binary case of Figure |l we can replace by

5 ,%Jr Z 21n1b%#:fcz~ﬂ+ln%’ (a1
z€{0,1} LL#xZJ'I

similarly to @

5 The anytime-valid adaptive setting

Theorem [2| can be easily extended to the setting in which the time horizon NN is
not fixed in advance. Now we would like our results to be anytime valid, with
N ranging over the positive integers {1,2,...}. Since N is variable, now we will
write pn(y | Z, 2) in place of p(y | 7, z) defined by (8) and add the lower index
N in other similar places; in particular, py(z) := #n)2/[N]. Remember
that a (1 — d)-confidence sequence is a sequence of confidence intervals whose
intersection covers the true parameter value with probability at least 1 — 6.

Theorem 3. Let§d > 0,2 € X, andy € Y. The following is a (1—0)-confidence
sequence for the parameter P(y | do(Z)) defined by : the midpoint is

ZpN (y|z,2)
and the half-width is

21n1b||N | + In $9Z 2Inlb||#yiz] + In £52
2| \/ 2N > 2 #niz] .

(12)



Figure 3: The napkin graph

In the binary case of Figure can be slightly strengthened to

2Inlb| N ||+ In %2 2Inlb|#niz] + In 1P
V] 2 #naz]

z€{0,1}

Theorem may be considered to be finite-sample analogues of Theorem 1
in [12]. Their characteristic feature is the presence of iterated logarithm terms,
which are unavoidable and are especially prominent under the strong interpre-
tation.

Remark 4. In this paper we only discuss, outside of this remark, causal effects
that are representable as arithmetic expressions involving only two arithmetic
operations, plus and multiplication (minus could be added for free but is not
useful). There are, however, situations in which the causal effect is given in a
form involving division, such as the napkin graph, shown in Figure ] It has the
following expression for the causal effect of X on Y:

(see [2, Figure 2(c) and (1)]). The expression is a ratio, and our methods
do not work for it. However, we can still compute the left and right end-points
of the overall confidence interval by combining the left and right end-points of
the constituent confidence intervals.

An interesting feature of the expression is that its right-hand side in-
volves z but does not really depend on it, as is clear from its left-hand side;
this is an instance of so-called Verma constraints [1]. The presence of z on the
right-hand side of is in a certain sense inevitable; formally, Z is a “trapdoor
variable” as defined in |2, Definition 3] and explained in |2 Sect. 2.3].

(13)

6 Applications to prediction sets

Theorems provide confidence intervals for causal effects, whereas in [13] we
were interested in prediction sets for Y. In order to discuss connections between
our results here and the strong interpretation in [13], in this section we will



state a corollary of the toy version of Theorem [2| for the binary case of Figure
with replaced by , giving prediction sets; similar corollaries can be easily
deduced from Theorems [IH3] as well. We consider the strong interpretation of
Figure |1} as in Sect. [4f with (X,,,Y,,, Z,), n € [N], complemented by another
observation Y with the probabilities of Y = y, y € Y, given by the right-hand
side of (2)) for a fixed £. Remember that X =Y =Z = {0,1}.

Corollary 5. Fiz § >0, N, and & € X. Then

In 12
I:= : E p(2)p 7 H—‘S
z€{0,1}

2Inlb|#&z]| +nZ §
p> o #] 73

ze{0,1}
is a (1 — §)-prediction set.

Proof. We are required to prove that Y ¢ I" with probability at most ¢. Let us
fix y € Y and prove that the probability of the conjunction of Y =y and y ¢ T’
is at most §/2. We will use the confidence interval (9 + with 6/2 in place
of §. Consider two cases:

e Suppose the right-hand-side of exceeds /2. If y ¢ T, the right end-
point ([9) + (with § replaced by §/2) of the confidence interval is at
most 0/2, and the probability of this is at most 6/2 by the definition of a
confidence interval.

e Otherwise, Y = y with probability at most §/2 by the definition of Y. O

This procedure is sub-optimal for several reasons. One of them is that Ho-
effding’s inequality applied to the Bernoulli model can be greatly improved when
the probability of error is small; see, e.g., Vapnik’s |9}, Sects. 4.2 and 4.4] use of
multiplicative Chernoff inequalities (in what he calls optimistic and pessimistic
settings of learning problems).

Analogous corollaries of Theorem [[]become more comparable with the results
that we obtain in [13|. However, the prediction sets derived in [13] are based on
e-values (are “e-prediction sets”) whereas the prediction sets here are traditional
ones. We expect that methods of this paper lead to much looser results, but
their advantage is that they also work for the strong interpretation.

7 Conclusion

In this paper we derive confidence intervals and confidence sequences for causal
effects in IID and sequential non-IID settings. These are some directions of
further research:



e The results of this paper only provide upper bounds for achievable widths
of confidence intervals, and they need to be complemented by lower
bounds. (It is easy to check that a loglog term is unavoidable even in
the adaptive setting of Figure [I| with X =Y = {0,1} and Z = {0}.)

e This paper is based on the standard measure-theoretic probability [3{7,/8].
To make our results as strong as possible, we could try and present them in
the language of game-theoretic probability [6] (this was listed as direction
of further research already in |12} Sect. 5]).
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A Proofs

In the following two propositions we consider an IID Bernoulli sequence
&1,&, ... with probability of success p and use the notation p, := %Z;;l &
for the standard estimate of p. We start from a standard confidence interval
for the probability of success given by Hoeffding’s inequality.

Proposition 6. For a fired n and § > 0,

In 2
IR clp—on —1 14
pilp—pnl <\, (14)

is a (1 — §)-confidence interval for p, in the sense of
Plpel)>1-4.

Proof. By Hoeffding’s inequality (or Okamoto’s earlier result [4, Theorem 1]),
for all ¢ > 0,
P(|p — pn| > ¢) < 2exp(—2cn),

which gives the confidence interval . O
We will also need the following confidence sequence.
Proposition 7. For each § > 0,

2Inlb[n) +In %3
I, = P —Din 0 1
pilp—py u|<\/ 2] (15)

is a (1 — §)-confidence sequence, i.e.,
P(Vn:pel,)>1-4. (16)

Proof. Similar confidence sequences can be obtained using Ville’s [10] method
of continuous mixtures of test martingales or its discrete analogue [6, Sect. 5.1],
but we will model our proof on |11, Sect. E]. Fix p € [0, 1].

Since ¢(2) = 7%/6, we can split the significance level § into the series § =
> hey Ok, where
6
- m2k2

Ok d.
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Figure 4: Illustration of an inequality.

Applying with ny = 2% in place of n and §j, in place of § gives

m2k2

n
P — P | >4 —2 | < 4. 17
[P — Py, | > ol (17)

Finally, implies since 72/3 &~ 3.29 < 3.3. (This argument works for
n > 2; otherwise, the inequality in is trivial since our convention, introduced
in Sect. {4} is that Inlb 1 := 00.) O

Next we need a simple result from interval arithmetic. We are only interested
in subintervals of [0,1]. Let ¢ & Ac, where ¢ € R and Ac > 0, stand for the
interval

ct Ac:=[c— Ac,c+ A N0, 1].

For a binary operation * on the reals (we are mostly interested in addition and
multiplication), we define its result on intervals pointwise:

I+ Iy :={p1 *pa : p1 € I1,p2 € [} N[0, 1].
Lemma 8. For any two intervals a = Aa and b+ Ab,

(a £ Aa)+ (b+ Ab) C (a+b) £ (Aa + Ab), (18)

(a £ Aa) x (b£ Ab) C (a x b) £ (Aa + AD). (19)
Proof. The inclusion is obvious, so we will only prove (19). The latter
inclusion reduces to the conjunction of two inequalities:

(a — Aa)(b— Ab) > ab — (Aa + Ab), (20)
((a4+ Aa) AD)((b+ Ab) A1) < ab+ (Aa + AD). (21)

10



Figure 5: The binary tree representing the polynomial expression over the
formal variables P(y | Z,z) and P(z) in the case of Z = {0, 1,2}

The inequality is obvious, and in we can assume, without loss of
generality, a + Aa < 1 and b+ Ab < 1, which reduces it to

(a+ Aa)(b+ Ab) — ab < Aa + Ab. (22)

The last inequality is illustrated in Figure [ the dotted area of the plot repre-
sents the left-hand side of , and the yellow area represents the right-hand
side of (with the darker yellow area counted twice). O

We will distinguish between (multivariate) polynomials and polynomial ex-
pressions. A polynomial expression is formed from a finite number of formal
variables by repeatedly applying the operations of multiplication and addition;
we do not allow constants (equivalently, our polynomials and polynomial ex-
pressions are over the field {0,1}). A polynomial expression can be represented
as a tree (let us call it a polynomial tree), not necessarily binary, such as Figure
in the case of the polynomial expression given by the right-hand side of
for Z = {0,1,2}. A polynomial is an equivalence class of polynomial expres-
sions where we do not distinguish polynomial expressions that reduce to each
other by applying the usual laws of commutativity, associativity, and distribu-
tivity (associativity was already used implicitly when we allowed non-binary
multiplications and additions in our trees). Without loss of generality we may
assume that the operations at different levels of polynomial trees alternate (so
at each level we have the same operation, “+” or “x”, and perhaps some formal
variables as leaf nodes; the operations in adjecent levels are different).

Corollary 9. Let E be a polynomial expression involving m distinct formal
variables. Define E* to be the polynomial obtained from E by replacing all
multiplications by additions. Then, for any intervals a; = Aa;, i =1,...,m,

E(a; £ Aaq,...,am £ Aay,) C E(ay,...,am) £ E*(Aag;). (23)

The expression E*(Aa;) in is, of course, the result of substituting Aa, for
the formal variables in E* and evaluating the resulting expression.

Proof of Corollary[4 We proceed by induction on the height of E considered as
polynomial tree. Repeatedly applying , we can extend it to any finite sums.

11



Similarly, repeatedly applying , we can extend it to any finite products.
This gives the statement when the height of E is 1. The inductive step is
also provided by extensions of and to finite sums and products. [

Proof of Theorem[]l In the proofs of Theorems [IH3| we will use the slightly
informal notation exemplified by + @ being the confidence interval with
midpoint and half-width @

We obtain the confidence interval () + (6 for (involving 2 |Z| probabili-
ties) by combining the confidence intervals ((14]) for each of the 2|Z| constituent
probabilities. To ensure the overall confidence level 1 — §, we replace the § in
by §/(2|Z[). By Corollary [9] applied to (2), we then indeed obtain the
overall (1 — d)-confidence interval with midpoint and semi-width

N
24
2; o T\ 2z | (24)

ie., @ The two square roots in are the half-widths of the confidence
intervals for P(z) and P(y | Z, z), respectively, given by Proposition @ O

To derive for Figure [1| with binary variables, notice that in the binary
case we only need confidence intervals for three constituent probabilities, since
an interval estimate for P(Z = 0) gives one for P(Z = 1) and vice versa. This
allows us to replace § by 6/3 rather than §/4 in (14).

Proof of Theorem[Z We apply Proposition [6] to estimating P(z) and Proposi-
tion [7] to estimating P(y | #,z) in (2)). Since the total number of distinct formal
variables in is 2|Z|, we replace the § in and by 6/(2|Z]). Since

is obviously the midpoint of the confidence interval given by Corollarylgl, we
only check that is its half-width.

Plugging the half-width of the confidence interval for P(z) given by Propo-
sition [6] and the half-width of the confidence interval for P(y | Z, z); given by
Proposition |7] into the polynomial expression with the multiplications re-
placed by additions, we obtain the overall half-width

n 221 o1 Ib|#iz] + In S92
XZ: \ 2N +\/ o #i7]

i.e., (10). O

In the case of Figure [1| with binary variables, we obtain if we again
replace § by 0/3 rather than 6/4 (and round up 9.9 to 10).

Proof of Theorem[3 The proof of Theorem [3]is analogous, and the only differ-
ence is that we use the confidence sequence for estimating P(z) as well.

12
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